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PREFACE. 



At the meeting of the American Association for the Advancement of Science, 
held in August, 1876j at Buffalo, the writer read two papers, entitled respectively, 
** A New Fundamental Method in Graphical Statics," and, '* Certain New Con- 
structions in Graphical Statics." The latter paper furnishes the basis of the 
following pages. 

Most of the problems proposed have, it is thought, never been solved hereto- 
fore by graphical methods, though partial solutions have been obtained in certain 
cases. 

The possibility of obtaining a direct and complete solution of the various forms 
of the stiff arch rib is found to depend upon a theorem not hitherto recognized, 
as to the manner in which the equilibrium curve due to the applied weights is 
made to coincide as nearly as possible with the curve of the arch, which itself acts 
as a partial equilibrium curve. It is the difference in position of these two curves 
which is the measure of the bending moment in the arch. The solution of the 
arch is further simplified by showing that it depends upon that of a straight girder 
of the same cross section. 

The theorem above referred to, which may be properly named the "Theorem 
Respecting the Coincidence of Closing Lines," may be considered to occupy in re- 
lation to this subject, a place analogous to " Gauss' Theorem of Least Constraint" 
in Dynamics, or "Moseley's Theorem of Least Resistance" in Statics, and we may 
perhaps add to that of " Legendre's Method of Least Squares," in the Theory 
of Observations. 

Those who are acquainted with the intricate formulae used in the analytic 
solution of this problem are aware that the actual relations are so covered up by 
these complications that from them a clear understanding of the manner in which 
the thrust, moment, and shear depend upon the applied weights is difficult, per- 
haps impossible. But it is hoped that the graphical investigation, which affords 
a pictorial representation, so to speak, of these quantities and their relations, may 
present no such difficulties. And further, 'the thrust, moment, and shear due to 
changes of temperature, or any cause which alters the span of the arch, are, it is 
believed, here for the first time obtained by a graphical process. 

A new general theorem is also enunciated, which affords the basis for a direct 
solution of the flexible arch rib, or suspension cable, and its stiffening truss. 
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These discussions and constructions have led to a new investigation of the 
continuous girder in the most general case of variable moment of inertia: This 
investigation furnishes a complete graphical solution of the problem, and is ac- 
companied by an analytic investigation in which the general formulae appear for 
the first time in simple form. 

Another problem treated is that of the arch having block- work joints, such a& 
are found in stone or brick arches, a case intermediate between the stiff and the 
flexible arch. A complete graphical solution of this problem was proposed by 
Poncelet, which the reader will find given by Woodbury* in the case where the 
arch and load are symmetrical about the crown. The solution proposed is far 
simpler, susceptible of greater accuracy, and is not restricted by considerations of 
symmetry. Woodbury states that the solution given by him is correct for an un- 
symmetrical arch, but in this he is mistaken. 

The graphical cojistruction for the stability of retaining walls is the first one 
proposed, so far as known, which employs the true thrust in its real direction, as 
shown by Rankine in his classic investigation of the thrust of homogeneous solids. 
It is in fact an adaptation of that most useful conception, "Coulomb's Wedge of 
Maximum Pressure" to the results of Eankine's investigation. 

It has been found possible to obtain a complete solution of the dome by em- 
ploying constructions analogous to those employed for the arch ; and in particu- 
lar it is believed that the dome of masonry is here investigated correctly for the 
first time, and the proper distinctions pointed out between* it and the dome of 
metal. 

Finally, it may perhaps be said with truth, that neither of these problems can 
be solved with the same generality by analytic processes as by a graphical con- 
struction. The analysis almost always demands some kind of law or uniformity 
in the loading and in the structure sustaining the load, while the graphical 
method treats all cases without increase of complexity ; and especially are th» 
cases of discontinuity, either in the load or structure, difficult by analysis but 

easy by graphics. 

H.. T. £]. 

* stability of the Arch, by D. P. Woodbury, page 404. Published by D. Van Noatrand, New York, 1858. 
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CHAPTER I. 

It is the object of this work to fully dis- 
cuss the stability of all forms of the arch, 
flexible or rigid, by means of the equili- 
brium polygon — the now well recognized 
instrument for graphical investigation. 
One or two other constructions of inter- 
est may also be added in the sequel. 
The discussion will pre-suppose an ele- 
mentary knowledge of the properties of 
the equilibrium polygon, and its accom- 
panying force polygon, for parallel 
forces. 

As ordinarily used in the discussion of 
the simple or continuous girder, the 
equilibrium polygon has an entirely arti- 
ficial relation to the problem in hand, 
and the particular horizontal stress as- 
sumed is a matter of no consequence ; 
but npt so with respect to the arch. As 
will be seen, there is a special equili- 
brium polygon appertaining to a given 
arch and load, and in this particular 
polygon the horizontal stress is the ac- 
tual horizontal thrust of the arch. When 
this thrust has been found in any given 
case, it permits an immediate determ- 
ination of all other questions respecting 
the stresses. This thrust has to be de- 
termined differently in arches of differ- 
ent kinds, the method being dependent 
upon the number, kind, and position of 
the joints in the arch. 

The methods we shall use depend upon 
our ability to separate the stresses in- 
duced by the loading into two parts; one 



part being sustained in virtue of the re- 
action of the arch in the same manner as 
an inverted suspension cable (^.€., as an 
equilibrated linear arch), and the remain- 
der in virtue of its reaction as a girder. 
These two ways in which the loading is 
sustained are to be considered somewhat 
apart from each other. To this end it 
appears necessary to restate and discuss, 
in certain aspects, the well-known equa- 
tions applicable to elastic girders acted 
on by vertical pressures due to the load 
and the resistances of the supports. 

Let jP represent any one of the various 
pressures, P„ P„ jT^, applied to the 
girder. 

Consider an ideal cross section of the 
girder at any point O, 

Let a;=the horizontal distance from 
to the force P. 

Let i?=the radius of curvature of the 
girder at 0. 

At the cross section 0, the equations 
just mentioned become : — 

Shearing stress, &='!2 (JP) 

Moment of flexure, M=2 (jRb) 



Curvature, 






Total bending, £=2{r) = 2 (-^^) 
Deflection, D = :^ (Bx) = 2 (^^) 
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in which JS is the modulus of elasticity 
of the material, and /is the moment of 
inertia of the girder; and as is well 
known, the summation is to be extended 
from the point to a free end of the 
girder, or, if not to a free end, the sum- 
mation expresses the effect only of the 
quantities included in the summation. 

Let a number of points be taken at 
equal distances along the girder, and let 
the values of -P, aS, M^ S, D be com- 
puted for these points by taking at 
these points successively, and also erect 
ordinates at these points whose lengths 
are proportional to the quantities com- 
puted. First, suppose I is the same at 
each of the points chosen, then the 
values of these ordinates may be ex- 
pressed as follows, if a, 5, c, etc., are any 
real constants whatever : 



yp — a.P . 


(1) 


ys - b.2{jP) . . 


(2) 


ym~ c, 2{Pse) —c.M.. 


(3) 


yb = cl.2{M) . 


(4) 


yd = e . ^{Mx) . 


(5) 



If I is not the same at the different 
cross sections, let P=^M-^I ; then the 
last three equations must be replaced 
by the following: 



ym'-f.r 


, (3') 


yi'-g. 2{r) . 


. (4') 


yd'^h.SiP'x). 


. (5') 



The ordinates ym and ym' are not 
equal, but can be obtained one from the 
other when we know the ratio of the 
moments of inertia at the different cross 
sections. 

Equation (1) expresses the loading, 
and yp may be considered to be the 
depth of some uniform material as 
earth, shot or masonry constituting the 
load. Lines joining the extremities of 
these ordinates will form a polygon, or 
approximately a curve which is the up- 
per surface of such a load. When the 
load is uniform the surface is a hori- 
zontal line. 

For the purposes of our investiga- 
tion, a distributed load whose upper 



surface is the polygon or curve, above- 
described, is considered to have the 
same effect as a series of concentrated 
loads proportional to the ordinate^ 
yp acting at the assumed points of 
division. If the points of division be 
assumed sufficiently near to each other^ 
the assumption is sufficiently accurate. 

If a polygon be drawn in a similar 
manner by joining the extremities of the 
ordinates ym computed from equation 
(3), it is known that this polygon is an 
equilibrium polygon for the applied 
weights P, and it can also be construct- 
ed directly without computation by the 
help of a force polygon having some as- 
sumed horizontal stress. 

Now, it is seen by inspection that 
equations (3) and (5), or (3') and (5'),. 
have the same relationship to each other 
that equations (1) and (3) have. The re- 
lationship may be stated thus : — If the 
ordinates ym (or ym') be regarded as 
the depth of some species of loading, so 
that the polygonal part of the equili- 
brium polygon is the surface of such 
load, then a second equilibrium polygon 
constructed for this loading will have for 
its ordinates proportional to yd. But 
these last are proportional to the actual 
deflections of the girder. 

Hence a second equilibrium polygon y 
so constructed, might be called the de- 
flection polygon, as it shows on an ex- 
aggerated scale the shape of the neutral 
axis of the deflected girder. 

The first equilibrium polygon having 
the ordinates ym may be called the mo- 
ment polygon. 

It may be useful to consider the physi- 
cal significance of equations (3), (4), (5)y 
or (3'), (4'), (5'). 

According to the accepted theory of 
perfectly elastic material, the sharpness 
of the curvature of a uniform girder is 
directly proportional to the moment of 
the applied forces, and for different 
girders or different portions of the same 
girder, it is inversely proportional to the 
resistance which the girder can afford. 
Now this resistance varies directly as / 
varies, hence curvature varies as 3/-^/, 
which is equation (3) or (3'). 

Now curvature, or bending at a point, 
is expressed by the acute angle between 
two tangents to the curve at the distance 
of a unit from each other; and the total 
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bending, i.e» the angle between the tan- 
gent at 0, and that at some distant point 
A. is the sum of all such angles between 
O and the point A. Hence the total 
bending is proportional to 2{M'-t-I)^ 
the summation being extended from 
to the point Ay which is equation (4) or 
(4 ). ^ 

Again, if bendinff occurs at a point 
distant from 0, as Ay and the tangent at 
A be considered as fixed, then is de- 
flected from this tangent, and the 
amount of such deflection depends both 
upon the amount of the bending at A, 
and upon its distance from 0. Hence 
the deflection from the tangent at A is 
proportional to 2 {Mx-r-I) which is 
equation (5) or (5'). 

It will be useful to state explicitly 
several propositions, some of which are 
implied in the foregoing equations. The 
importance and applicability of some of 
them has not, perhaps, been sufficiently 
recognized in this connection. 

Prop. I. Any girder (straight or other- 
wise) to which vertical forces alone are 
applied {i,e,y there is no horizontal 
thrust) sustains at any cross-section the 
stress due to the load, solely by develop- 
ing one internal resistance equal and op- 
posed to the shearing, and another equal 
and opposed to the moment of the applied 
forces. 

Prop. 11. But any flexible cable or 
arch with hinge joints can offer no re- 
sistance at these joints to the moment 
of the applied forces, and their moment 
is sustained by the horizontal thrust de- 
veloped at the supports and by the ten- 
sion or compression directly along the 
cable or arch. 

It is well known that the equilibrium 
polygon receives its name from its being 
the shape which such a flexible cable, or 
equilibrated arch, assumes under the 
action of the forces. In this case we 
may say for brevity, that the forces are 
sustained by the cable or arch in virtue 
of its being an equilibrium polygon. 

Prop. III. If an arch not entirely flexi- 
ble is supported by abutments against 
which it can exert a thrust having a 
horizontal component, then the moment 



due to the forces applied to the arch will 
be sustained at those points which are 
not flexible, partly in virtue of its being 
approximately an equilibrium polygon, 
and partly in virtue of its resistance as a 
girder. 

It is evident from the nature of the 
equilibrium polygon that it is possible 
with any given system of loading to make 
an arch of such form (viz., that of an equi- 
librium polygon) as to require no bracing 
whatever, since in that case there will 
be no tendency to bend at any point. 
Also it is evident that any deviation of 
part of the arch from this equilibrium 
polygon would need to be braced. As, 
for example, in case two distant points 
be joined by a straight girder, it must 
be braced to take the place of part of 
the arch. Furthermore, the greater the 
deviation the greater the bending mo- 
ment to be sustained in this manner. 
Hence appears the general truth stated 
in the proposition. 

It will be noticed that the moment 
called into action, at any point of a straight 
girder, depends not only on the applied 
forces which furnish the polygonal part 
of the equilibrium polygon, but also on 
the resistance which the girder is capa- 
ble of sustaining at joints or supports, or 
the like. For . example, if the girder 
rests freely on its end-supports, the mo- 
ment of resistance vanishes at the ends, 
and the " closing line " of the polygon 
joins the extremities of the polygonal 
part. If however the ends are fixed 
horizontally and there are two free 
(hinge) joints at other points of the gir- 
der, the polygonal part will be as before, 
but the closing line would be drawn so 
that the moments at those two points 
vanish. Similarly in every case (though 
the conditions may be more complicated 
than in the examples used for illustration) 
the position of the closing line is fixed 
by the joints or manner of support of 
the girders, for these furnish the condi- 
tions which the moments (^. e,, the ordi- 
nates of the equilibrium polygon) must 
fulfill. For example, in a straight uni- 
form girder without joints and fixed 
horizontally at the ends, the conditions 
are evidently these; the total bending 
vanishes when taken from end to end 
and the deflection of one end below the 
tangent at the other end also vanishes. 
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Prop. rV. If in any arch that equilibrium 
polygon (due to the weights) be construct- 
ed which has the same horizontal thrust 
as the arch actually exerts; and if its 
closing line be drawn from- consideration 
of the conditions imposed by the supports, 
etc. ; and if furthermore the curve of the 
arch itself be regarded as another equilib- 
rium polygon due to some system of load- 
ing not given, and its closing line be also 
found from the same considerations re- 
specting supports, etc., then, when these 
two polygons are placed so that these 
closing lines coincide and their areas 
partially cover each other, the ordinates 
intercepted between these two polygons 
are proportional to the real bending mo- 
ments acting in the arch. 

Suppose that an equilibrium polygon 
due to the weights be drawn having the 
same horizontal thrust as the arch. We 
are in fact unable to do this at the out- 
set as the horizontal thrust is unknown. 
We only suppose it drawn for the pur- 
pose of discussing its properties. Let 
also the closing line be drawn, which 
may be done, as will be seen hereafter. 
Call the area between the closing line 
and the polygon, A. Draw the closing 
line of the curve of the arch itself (re- 
garded as an equilibrium polygon) ac- 
cording to the same law, and call the 
area between this closing line and its 
curve A". Further let ^ be the area of 
a polygon whose ordinates represent the 
actual moments bending the arch, and 
drawn on the same scale as A and A', 
Since the supports etc., must influence 
the position of the closing line of this 
polygon in the same manner as that of 
A, we have by Prop. Ill not only 

A=:A' + A' 

which applies to the entire areas, but 
also 

as the relation between the ordinates of 
these polygons at any of the points of 
division before mentioned, from which 
the truth of the proposition appears. 

This demonstration in its general form 
may seem obscure since the conditions 
imposed by the supports, etc., are quite 



various, and so cannot be considered in 
a general demonstration. The obscurity, 
however, will disappear after the treat- 
ment of some particular cases, where we 
shall take pains to render the truth of 
the proposition evident. We may, how- 
ever, make a statement which will pos- 
sibly put the matter in a clearer light by 
saying that A' is a figure easily found, 
and we, therefore, employ it to assist in 
the determination of A' which is un- 
known, and of A which is partially un- 
known. And we arrive at the peculiar 
property of ^'', that its closing line is f oun d 
in the same manner as that of -4, by no- 
ticing that the positions of the closing 
lines of A and A' are both determined 
in the same manner by the supports, etc. ; 
for the same law would hold when the 
rise of the arch is nothing as when it 
has any other value. But A'' is the dif- 
ference of A and A\ Hence what is 
true of ^ and A' separately is true of 
their difference A'^, the law spoken of 
being a mere matter of summation. 

From this proposition it is also seen that 
the curve of the arch itself may be re- 
garded as the curved closing line of the 
polygon whose ordinates are the actual 
bending moments, and the polygon it- 
self is the polygonal part of the equili- 
brium polygon due to the weights. 

It is believed that Prop. IV contains 
an important addition to our previous 
knowledge as to the bending moments in 
an arch, and that it supplies the basis 
for the heretofore missing method of 
obtaining graphically the true equili- 
brium polygon for the various kinds of 
arches. 

Prop. V. If bending moments M act 

on a uniform inclined girder at horizon- 
tal distances x from 0, the amount of the 
vertical deflection yd will be the same 
as that of a horizontal girder of the 
same cross section, and having the same 
horizontal span, upon which the same 
moments M act at the same horizontal 
distances x from 0, Also, if bending 
moments JIf act as before, the amount of 
the horizontal deflection, say xa^ will be 
the same as that of a vertical girder of 
the same cross section, and having the ' 
same height, upon which the same mo- 
ments M act at the same heights. 
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Let the moment M act at A^ produc- 
ing according to equation (5) the deflec- 
tion 

OG=e.M.AO 

whose vertical and horizontal compo- 
nents are 

ya = CE and xa = OE 

For the small deflections occurring in a 
girder or arch, A C= 90° 

.-. AG: 0F\\ 0G\ CE 

.-. Cii:=^.OF=e,M.OF 
AG 

.•. yd =• e. Mx 
Also, AGiAF:: GG: GE 

.'. GE=^.AE=e.M.AE 
AG 

,\ Xd = e.My 

The same may be proved of any other 
moments at other points; hence a simi- 
lar result is true of their sum; which 
proves the proposition. 

It may be thought that the demonstra- 
tion is deficient in rigor by reason of the 
assumption that -40(7=90°. 

Such, however, is not the fact as ap- 
pears from the analytic investigation of 
this question by Wm. Bell in his at- 
tempted graphical discussion of the arch 
in Vol. VIII of this Magazine, in which 
the only approximation employed is that 
admitted by all authors in assuming that 
the curvature is exactly proportional to 
the bending moment. 

We might in this proposition substi- 
tute f, M-7-I for e . My and prove a 
similar but more general proposition re- 



specting deflections, which the reader 
can easily enunciate for himself. 

Before entering upon the particular 
discussions and constructions we have in 
view, a word or two on the general 
question as to the manner in which the 
problem of the arch presents itself, will 
perhaps render apparent the relations 
between this and certain previous inves- 
tigations. The problem proposed by 
Rankine, Yvon-Villarceaux, and other 
analytic investigators of the arch, has 
been this: — Given the vertical loading, 
what must be the form of an arch, and 
what must be the resistances of the 
spandrils and abutments, when the 
weights produce no bending moments 
whatever? By the solution of this ques- 
tion they obtain the equation and prop- 
erties of the particular equilibrium poly- 
gon which would sustain the given 
weights. Our graphical process com- 
pletely solves this question by at once 
constructing this equilibrium polygon. 
It may be remarked in this connection, 
that the analytic process is of too com- 
plicated a nature to be effected in any, 
except a few, of the more simple cases, 
while the graphical process treats all 
cases with equal ease. 

But the kind of solution just noticed, 
is a very incomplete solution of the 
problem presented in actual practice ; 
for, any moving load disturbs the dis- 
tribution of load for which the arch is 
the equilibrium polygon, and introduces 
bending moments. For similar reasons 
it is necessary to stiffen a suspension 
bridge. The arch must then be proper 
tioned to resist these moments. Since 
this is the case, it is of no particular 
consequence that the form adopted for 
the arch in any given case, should be 
such as to entirely avoid bending mo- 
ments when not under the action of the 
moving load. 

So far as is known to us, it is the 
universal practice of engineers to as- 
sume the form and dimensions, as 
well as the loading of any arch pro- 
jected, and next to determine whether 
the assumed dimensions are consistent 
with the needful strength and stability. 
If the assumption is unsuited to the 
case in hand, the fact will appear by the 
introduction of excessive bending mo- 
ments at certain points. The considera- 
tions set forth furnish a guide to a new 
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assumption which shall be more suitable, 
it being necessary to make the form of 
the arch conform more closely to that of 
the equilibrium polygon for the given 
loading. 

The question may be regarded as one 
of economy of material, and ease of 
construction, analogous to that of the 
truss bridge. In this latter case, con- 
structors have long since abandoned any 
idea of making bridges in which the 
inclination of the ties and posts should 
be such as to require theoretically the 
minimum amount of material. Indeed, 
the amount of material in the case of a 
theoretic minimum, differs by such an 
inconsiderable quantity from that in 
cases in which the ties and posts have a 
very different inclination, that the attain- 
ment of the minimum is of no practical 
consequence. 

Similar considerations applied to the 
arch, lead us to the conclusion that the 
form adopted can in every case be 
composed of segments of one or more 
circles, and that for the purpose of con- 
struction every requirement will then be 
met as fully as by the more complicated 
transcendental curves found by the 
writers previously mentioned. If con- 
siderations of an artistic nature render 
it desirable to adopt segments of para- 
bolas, ellipses or other ovals, it will be a 
matter of no more consequence than is 
the particular style of truss adopted by 
rival bridge builders. 

We can also readily treat the problem 
in an inverse manner, viz : — find the 
system of loading, of which the assumed 
curve of the arch is the equilibrium 
polygon. P'rom this it will be known 
how to load a given arch so that there 
shall be no bending moments in it. 
This, as may be seen, is often a very 
useful item of information ; for, by leav- 
ing open spaces in the masonry of the 
spandrils, or by properly loading the 
crown to a small extent, we may fre- 
quently render a desirable form entirely 
stable and practicable. 

CHAPTER II. 

THE ARCH RIB WITH FIXED ENDS. 

Let us take, as the particular case to 
be treated, that of the St. Louis Bridge, 
which is a steel arch in the form of the 



arc of a circle ; having a chord or span 
of 518 feet and a versed sine or rise of 
one-tenth the span, i. e, 51.8 feet. The 
arch rib is firmly inserted in the im- 
mense skew-backs which form part of 
the upper portion of the abutments. It 
will be assumed that the abutments do 
not yield to either the thrust or weight 
of the arch and its load, which was also 
assumed in the published computations 
upon which the arch was actually con- 
structed. Further, we shall for the 
present assume the cross section of the 
rib to have the same moment of iner- 
tia, Jy at all points, and shall here only 
consider the stresses induced by an 
assumed load. The stresses due to 
changes in the length of the arch itself, 
due to its being shortened by the load- 
ing, and to the variations of temperature, 
are readily treated by a method similar 
to the one which will be used in this 
article, and will be treated in a subse- 
quent chapter. 

Let 6g a b/ in Fig. 2, be the neutral 
axis of the arch of which the rise is one- 
tenth the span. Let ax y z be the area 
representing the load on the left half of 
the arch, and a x' y' z' that on the right, 
so that yp=ia . P=zxy on the left, and 
yp = x'y' on the right. 

Divide the span into sixteen equal 
parts 55„ bb^\ etc, and consider that the 
load, which is really uniformly dis- 
tributed, is applied to the arch at the 
points a, a,, a/, etc., in the verticals 
through by b^, ^/, etc.; so that the equal 
weights JP are applied at each of the 
points on the left of a and the equal 
weights J Pat each point on the right 
of a, while f P is applied at a. 

Take b as the pole of a force polygon 
for these weights, and lay off the weights 
which are applied at the left of a on the 
vertical through b^, viz., b^ «?j = J P=the 
weight coming to a from the left ; 
w^ w^=:JP=ihe weight applied at a, ; 
w^ w^=JP=^the weight applied at a^, etc. 
Using b still as the pole, lay off b^' w^'= 
:i^P=the weight coming to a from the 
right; w^' w^ =^ JP=the weight applied 
at a/, etc. This amounts to the same 
thing as if all the weights were laid off 
in the same vertical. Part are put at 
the left and part at the right for con- 
venience of construction. Now draw 
bw^ until it intersects the vertical 1 at cj 
then draw c^c^ \\ bw^ ; and c, c, || bw^y 
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c/ ; then c/ c^ 
broken line hc^ 



-etc. In the same manner draw hw^ to 

II hw^^ etc. Then the 
. . Cg is the equilibrium 

polygon due to the weights on the left 

of a, and hc^ • • . ^a' ^^ ^^^^ ^^^ *^ ^^ 
weights on the right. Had the polygon 
been constructed for the uniformly dis- 
tributed load (not considered as concen- 
trated), on the left we should have a 
parabola passing through the points 
^Cj . . . Cg, and another parabola on the 
right through hc^ . . . c^. From the 
properties of this parabola it is easily 
seen that Cg must bisect w^ w^, as c^' must 
also bisect wj wj ; which fact serves to 
test the accuracy of our construction. 
This test is not so simple in cases of 
more irregular loading. 

The equilibrium polygon c^b c/ is that 
due to the applied weights, but if these 
weights act on a straight girder with 
iSxed ends, this manner of support re- 
<juire8 that the total bending be zero, 
when the sum is taken of the bending 
at the various points along the entire 
girder ; for, the position of the ends 
does not change under the action of the 
weights, hence the positive must cancel 
the negative bending. To express this 
by our equations : 

yb=e.2{M)=0 .-. 2{M}=0. 

This is one of two conditions which 
are to enable us to fix the position of the 
true closing line AgA/ ^^ ^^^s case. The 
•other condition results from the fact 
that the algebraic sum of all the deflec- 
tions of this straight girder must be 
zero if the ends are fixed horizontally. 

This is evident from the fact that 
when one end of a girder is built in, if 
a tangent be drawn to its neutral axis 
at that end, the tangent is unmoved 
whatever deflections may be given to 
the girder; and if the other end be also 
fixed, its position with reference to this 
tangent is likewise unchanged by any 
deflections which may be given to the 
girder. To express this by our equations: 

]/d=f. 2 (Mx)=0 .-. 2 {Mx)=0 

The method of introducing these con- 
ditions is due to Mohr. Consider the 
area included between the straight line 
c^ e/ and the polygon Cg b c^' as some 
species of plus loading ; we wish to find 
what minus loading will fulfill the above 



negative loading must be equal numeric- 
ally to the whole positive loading, if we 
are to have ^§"(^1^ = 0. Next, as the 
closing line is to be straight, the nega- 
tive load Cg Cg' Ag Ag' may be considered 
in two parts, viz., the two triangles, 
Cg Cg' Ag and Cg' h^ h^\ Let the whole 
span be trisected at t and ^', then the 
total negative loading may be considered 
to be applied in the verticals through 
t and t\ since the centers of gravity of 
the triangles fall in these verticals. 
Again, the positive loading we shall find 
it convenient to distribute in this man- 
ner : viz., the triangle Cg h cj applied in 
the vertical through ^, the parabolic area 
^ Cj . . . Cg in the vertical 4 which con- 
tains its center of gravity, and the para- 
bolic area ^c/ . . . Cg' in 4'. 

Now these areas must be reduced to 
equivalent triangles or rectangles, with 
a common base, in order that we may 
compare the loads they represent. Let 
the common base be half the span : then 
hb^^=pp' is the positive load due to the 
triangle Cg h c^ ; and § c^ ^o^i^i^i *^^ 
f c/ c^'=p'Py' are the positive loads due 
to the parabolic areas. 

Now assume any point g' as a pole 
for the load line p^p^' and find the center 
of gravity of the positive loading by 
drawing the equilibrium polygon, whose 
sides are parallel to the lines of this 
force polygon : viz., use qp^ and qp as 
the 1st and 2nd sides, and makejo^'' || qp'y 
and q'q^ \\ qp^\ The first and last sides 
intersect at q^ ; therefore the center of 
gravity of the positive loads must lie in 
the vertical through q^. 

Now the negative loading must have 
its center of gravity in the same vertical, 
in order that the condition 2 {Mx)=0 
may be satisfied, for it is the numerator 
of the general expression for finding 
the center of gravity of the loading. 
The question then assumes this form : 
what negative loads must be applied in 
the verticals through t and t' that their 
sum may be p^p^t and that they may 
have their center of gravity in the verti- 
cal through q^. 

The shortest wav to obtain these two 
segments of jt?,jt?/ is to join r and r' 
which are in the horizontals through 
p^ and jt>/, and draw an horizontal 
through q^^ which is the intersection of 
r r' with the vertical through q^ ; then 



two conditions. Evidently the whole rr^andrV/ are the required segments 
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of the negative load. For, let 'rr^=p^'p^ 
and take r' as the pole of the load r r^ ; 
then, since r^q^\\ r^r* and q^r' \\rr' we 
have the equilibrium polygon r^ q^ r' ful- 
filling the required conditions. 

Now these two negative loads ^,^3= 
r/r' and rr^, are the required heights of 
the triangles Cg h^ cj and c^ c/ h^'\ there- 
fore lay off Cg h^=r'r^' and c^' h^'=rr^. 

The closing line /t^h/ can then be 
drawn, and the moments bending the 
straight girder will then be proportional 
to Aj Cj, h^ c^y etc., the points of inflexion 
being where the closing line intersects 
the polygon. If the construction has 
been correctly made, the area above the 
closing line is equal to that below, a test 
easy to apply. 

Let us now turn to the consideration 
of the curve of the arch itself, and treat 
it as an equilibrium polygon. Since the 
rise of the arch is such a small fraction 
of the span, the curve itself is rather flat 
for our purposes, and we shall therefore 
multiply its ordinates ab, a^ 6^, etc., by 
any number convenient for our purpose : 
in this case, say, by 3. We thereby get 
a polygon d^dd/ such that d b=:z\^ ab, 
d^b^ = ^ d^b^, etc. If a curve be de- 
scribtMl through d^, . . d. , .d/ it will be 
the arc of an ellipse, of which d is the 
extremity of the major axis. 

If we wish to find the closing line k^k/ 
of this curve, such that it shall make 
2{Md)=^0 and ^ {3Idx)=o, the same 
process we have just used is here appli- 
cable ; but since the curve is symmetri- 
cal, the object can be effected more 
easily. By reason of the symmetry 
about the vertical through b, the center 
of gravity of the positive area above the 
horizontal through b lies in the vertical 
through b. The center of gravity of the 
negative area lies there also ; hence the 
negative area is symmetrical about the 
center vertical; the closing line must then 
be horizontal. It only remains then to find 
the height of a rectangle having the same 
area as the elliptical segment, and hav- 
ing the span for its base. This is done 
very approximately by taking (in this 
case where the span is divided into 16 
equal segments) J the sum of the ordi- 
nates b^ d^y etc. 

We thus find the height bJc and the 
horizontal through k is the required 
closing line. 

Before effecting the comparison which 



we intend to make between the poly- 
gons c and d (as we may briefly desig- 
nate the polygons c^ b c/ and d^ d d/), let 
us notice the significance of certain oper- 
ations which are of use in the construc- 
tion before us. One of these is the 
multiplication of the ordinates of the 
polygon or curve a to obtain those of c^. 
If a was inverted, certain weights might 
be hung at the points a^, a^, etc., such 
that the curve would be in stable equi- 
librium, even though there are flexible 
joints at these points. Equilibrium 
would still exist in the present upright 
position under these same applied, 
weights, though it would be unstable. 
If now, radiating from any point, we 
draw lines, one parallel to each of the 
sides a^j, a^ a,, aa/, etc., of the polygon, 
then any vertical line intersecting this 
pencil of radiating lines will be cut by it 
in segments, which represent the relative 
weights needed to make a their equilibri- 
um polygon. By drawing the vertical line 
at a proper distance from the pole, its 
total length, L e., the total load on the 
arch can be made of any amount we 
please. The horizontal line from the 
pole to this vertical will be the actual 
horizontal thrust of the arch measured 
on the same scale as the load. If a like 
pencil of radiating lines be drawn paral- 
lel to the sides of the polygon d and the 
load be the same as that we had sup- 
posed upon the polygon a, it is at once 
seen that the pole distance for d is one- " 
third of that for a ; for, every line in d 
has three times the rise of the corre- 
sponding one in a, and hence with the 
same rise, only one-third the horizontal 
span. The increase of ordinates, then, 
means a decrease of pole distance in the 
same ratio, and vice versa. As is well 
known, the product of the pole distance 
by the ordinate of the equilibrium poly- 
gon is the bending moment. This pro- 
duct is not changed by changing the 
pole distance. 

Again, suppose the vertical load-line 
of a force polygon to remain in a given 
position, and the pole to be moved ver- 
tically to a new position. No vertical 
or horizontal dimension of the force 
polygon is affected by this change, 
neither will any such dimension of the 
equilibrium polygon corresponding to 
the new position of the pole be differ- 
ent from that in the polygon corre- 
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spending to the first position of the pole; determining the pole distance of the 



the direction of the closing line, how 
ever, is changed. Thus we see that the 
closing line of any equilibrium polygon 
can be made to coincide with any line 
not vertical, and that its ordinates will 
be unchanged by the operation. It is 
unnecessary to draw the force polygon 
to effect this change. 

Now to make clear the relationship 
between the polygons c and df, Iqt us 
suppose, for the instant, that the poly- 



polygon c, which is one-third of the 
actual thrust of the arch measured on 
the scale of the weights w^ w^, etc. The 
physical significance of this condition 
may be stated according to Prop. Vy 
thus : if the moments Md are applied to 
a uniform vertical girder bd at the points 
b, b"y b"y b^\ etc., at the same height 
with ^a, d^^ etc., they will cause the same 
total deflection xd=^ e. 2 {Mdy) as w^ill 
the moments Mc when applied at the 
same points. Hence if Md are used as 



ffon e has been drawn by some means . j- ^ n- t • i 

as yet unknown, so that its ordinates * TV^ x. ^* ^°^' '^vk*'-^" ^^T 



pro^oAionai' to iiTe^'actrQ^Vent; Me ! ^"T •' !S V^. *' fvl " l'^" ""^ a ' •* 
which tend to bend the arch. **- *?• *«-^^ *«' «t°-' ^^«» ^^^^ ^^ *• »» 

The conditions which then hold re- 
specting these moments Me, are three: — 



\ b^ Jc^, This approximation is sufficiently 
accurate for our purposes. 

Now lay off on l^ l^' as a load line 

etc. The direction of these loads must 



2{Me) = 0, :2{Mex) = 0, 2 {M^) = 0. 

rrt fi 4. j-x« • 4. 1 *!, ^6 changed when they fall on the other 

Ine nrst condition exists because the ^.-.^ ^u^^v i- 7 "^ 77 



total bending from end to end is zero 



side of the line 7c \ e,g,^ m^m^=:7c^d^^ 



1.1 K £ •! rpi ;i If ^his process be continued throucrh the 

when the ends are nxed. Ihe second ; .. ^1 ' ( f a \ 'n 7 11 

and third are true, because the total de- /?„^ .^ .1 • u^ r ^ ^^^ T^ ^ ^^^ 
ij . . . 1 ' V *• n J u • ( l^a-r to the right of a as m^ does to the 
flection IS zero both vertically and hori-ii .v n ^u i ^ i j -Si • . u 

.1, . ., . •^•11 lert, and the last load will lUst reach 

zontally, since the span is unvariable as .^ ^ _ . rnu- ' * ^ r xi 
. 11 ^r'^i :^:^5_i? .1.. . ^_ _i. to a again. This is a test ot the cor- 
rectness with which the position of the 



well as the position of the tangents at 
the ends. These results are in accord- 



ance 



.... with Prop. V. Now by Prop. Ill ^""^ ^^\ ^^« Y^"" ^7°^- ^^ T'l^ 
these moments Jf. are the differences of I "^l^T ^% ^\fr '^Tu T' '""/^^ 

the moments of a straight girder and of ' fc ^'""^ 6^' L '\{'^' " «' Ta 
th^ ^voh \t..u . T.onoo fh^ V.^i,r^^n . ^« ^he curvc b/ IS then the exaggerated 

shape of a vertical girder od, fixed at by 



the arch itself ; hence the polygon e is 
simply the polygon c in a new position 
and with a new pole distance. As 
moments are unchanged by such trans- 
formations, let us denote these moments 
by Me, We have before seen that 

2{Mc)=0y and 2 {Mcx)=0 
Subtract 

.\ 2 {Mc-Me)=Oy and 2{Mc-'Me)x=0 
.\2{Md)=0 and 2 {Mdx)=0 

From this it is seen that the polygon 
d must have its closing line fulfill the ^^ w^ = K ^8> ^^^- When all these loads 
same conditions as the polygon c. This are laid off, the last one n^' d=z^ h^' c/ 
is in accordance with Prop. IV. must just return to d. This tests the 

accuracy of the work in, determining the 
Again, 2 {Mey) = 2 {Mc — Md)y=0 ' position of h^ 7i/. 

Now using 6 as a pole as before, con-^ 
.'. 2 {Mcy) = 2 (Mdy). struct the deflection curves byamdby'. 

Since these two deflections, viz., 2 df^ 
This last condition we shall use for , and gg' ought to be the same, this fact 



under the action of that part of moments 
Md which are in the left half of the 
arch. The moments Md on the right 
may act on another equal girder, having 
the same initial position bd, and it will 
then be equally deflected to the right of 
bd. This is not drawn. 

Again, suppose these vertical girders 
fixed at b are bent instead by the 
moments Mc. We do not know just 
how much these moments are, though we 
do know that they are proportional to 
the ordinates of the polygon c. There- 
fore make dn^ = ^K ^s? ^e ^t = ^7 ^t> 
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informs us that each of the ordinates 
h^ Cj, Ag Cg, must be increased in the ratio 
of \ gg' to dfy in order that when they 
are considered as loads, they may pro- 
■duce a total deflection equal to 2 df. 
To eifect this, lay off 6;=c?/*and bi=^ 
i gg\ and draw the horizontals throilgh 
i and /. At any convenient distance 
4raw the vertical i^j^^ and draw bi^ and 
bj^. These last two lines enable us to 
effect the required proportions for any 
ordinates on the left, and these or two 
lines of the same slope on the right to 
do the same thing on the right. JSl g. 
lay off the ordinate bi^'=^h^' c/, then 
the required new ordinate is bj^'. Then 
layoff k^' e/= bj\'. In the same man- 
ner find k e from h 6, and k^ e^ from h^ c^. 
In the same manner can the other ordi- 
nates k^ Cj, etc., be found ; but this is 
not the best way to determine the rest 
of them, for we can now find the jjole 
and pole distance of the polygon e. 

As we have previously seen, the pole 
distance is decreased in the same ratio 
as the ordinates of the moment curve 
are increased, therefore prolong bi^to v^, 
and draw a horizontal line through v^ 
intersecting bj\ at v^ and the middle ver- 
tical at v^'i then is v^ v^ the pole dis- 
tance decreased in the required ratio. 
Hence we move up the weight-line w^ w^ 
to the position u^ u^ vertically through 
v^\ and for convenience, lay off the 
weights w^ w^ at u^ ii^y etc. 

Furthermore, we know that the new 
closing-line is horizontal. To find the 
position of the pole o so that this shall 
occur, draw bv parallel to AAg, and from 
V the horizontal vo. As is well known, 
•V divides the total weight into the two seg- 
inents, which are the vertical resistances 
•of the abutments, and if the pole o is 
on the same horizontal with v, the 
•closing line will be horizontal. 

Now having determined the positions 
of the points Cg, e, ej^ starting from one 
of them, say e^^ draw e^e^W ou^^ 6, ej| ou^^ 
•etc. ; then if the work be accurate, the 
polygon will pass through the other two 
points e and e^\ The bending moments 
of the arch c? or the arch a at a^, a^^ etc., 
is the product of the pole distance 
v^v^-=v'o by the ordinates d^e^^ ^h^i'i 
«tc., respectively, and between these 
points a similar product gives the mo- 
ment with sufficient accuracy. It would 
be useful for the sake of accuracv to 



multiply the ordinates of the arch by 
some number greater than 3. 

As a final test of the accuracy of the 
work, let us see whether ^ {Mey) is ac- 
tually zero, as should be. At (7., for ex- 
ample, y=:d^l^y and Me is proportional 

to J, e,. Then d^ s^ is proportional to 
Mey at that point if e^ s^ is the arc of 
a circle, of which e^ l^ is the diameter. 
Similarlv find d/s/. etc. When e^ for 
example falls above d^, the circle must 
be described on the sum of l^ d^ and d^ e^ 

as a diameter, and d^s^ is proportional 
to a moment of different sign from that 
at d^. We have distinguished the sign 
of the moments* at the different 'points 
along the arch, by putting different 
signs before the letter s. It would have 
been slightly more accurate to have used 
only one-half the ordinates b^ e^ and 
6/ gg', but as they nearly equal in this 
case and of opposite sign, we have in- 
troduced no appreciable error. 

Now at any point s lay off ss^ = d^s^^ 
and at right angles to it s^ s^=b^ Sg, then 
at right angles to the hypothenuse ss^ 
make s^$^'=:d/ sj, etc. Then the sum 
of the positive squares is 55/, and simi- 
larly the sum of the negative squares is 
ss^. If these are equal, then 2 {3fey) 
vanishes as it should, and the construc- 
tion is correctly made. 

It would have been equally correct to 
suppose the two vertical girders fixed at 
d, and bent by the moments acting. We 
could have determined the required ratio 
equally well from this construction. 
Further, in proving the correctness of 
the construction by taking the algebraic 
sum of the squares, we could have reck- 
oned the ordinates, y, from any other 
horizontal line as well as from l^ IJ, 

To find the resultant stress in 
the different portions of the arch, 
we niust prolong v'o to o', say, 
(not drawn) so that the pole distance 
v'o'^S v'o ; then if we join o' and Wg, 
oV will be the resultant stress in the 

* 

segment b^a^; o ii^ will be the stress in 
«, (Xg, etc., measured in the same scale as 
the weights w^ lo^, etc. This resultant 
stress is not directly along the neutral 
axis of the arch. 

The vertical shearing stress is construct- 
ed in the same manner as for a girder, 
by drawing one horizontal through w^ 
between the verticals 1 and 8, another 
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through w^ between 7 and 6, etc. (not 
drawn). Then the shear will be the ver- 
tical distance between i;oand these hori- 
zontals through i(?g, t<?„ etc. It is seen 
that the shear will change sign on the 
vertical through h^ with our present 
loading. 

The actual position of the vertical 
through the center of gravity of the 
load may be found by prolonging the 
first and last sides of the polygon c. A 
weight = ^ P = w^w^ ought, however, 
first to be applied at ^,, and another 
= \ Pz=z w^ 10 / at bj. The shearing 
stress under a distributed load will 
actually change sign on the vertical so 
found. It will not pass far however 
from bj. 

The resultant stress is the resultant of 
the horizontal thrust and the vertical 
shearing stress, and it can be resolved 
into a tangential thrust along the arch 
and a normal shearing stress. This 
resolution will be effected in Fig. 3 of 
the next chapter. 

As to the position of the moving load 
which will produce the maximum bend- 
ing moments, we may say that the posi- 
tion chosen, in which the moving load 
covers one-half the span, gives in general 
nearly this case. It is possible, how- 
ever, to increase one or two of the 
moments slightly by covering a little 
more than half the span with the mov- 
ing load. 

The loading which produces maximum 
moments Avill be treated more fully in 
subsequent chapters. 

The maximum resultant stress and 
maximum vertical shear occur in gen- 
eral when the moving load covers the 
whole span. The construction in this 
case is much simplified, as the poly- 
gon G is then the same on the right of 
b as it now is on the left, and the 
center of gravity of the area is in the 
center vertical ; so that the closing line 
Ay /i/ is horizontal, and can be drawn 
with the same ease as k^ k/ was drawn. 
We shall not, even in this case, be under 
the necessity of drawing the curves bg 
and bg\ which would be both alike ; for, 
as may be readily seen, the sum of the 
positive moments Mc on the left must 
be very approximately equal to the 
positive moments Md on the left, and 
the same thing is true for the negative 



moments at the left. The same two 
equalities hold also on the right. From 
this we at once obtain the ratio by which 
the ordinates of the polygon c must 
be altered to obtain those of the poly- 
gon €. 

This last approximation also shows us 
that for a total uniform load, the four 
points of inflection when the bending 
moment is zero, lie two above and two 
below the closing line. It is frequently 
a sufficiently close approximation in the 
case when the moving load covers only 
part of the span to dierive the ratio 
needed by supposing that the sum of all 
the ordinates, both right and left, above 
the closing line in the polygon c must 
be increased, so that it shall equal the 
corresponding sum in the polygon d. 
If the sums taken below the closing 
lines give a slightly different result, take 
the mean value. 

Thus the single construction we have 
given in Fig. 2, and one other much 
simpler than this, which can be ob- 
tained by adding a few lines to 
Fig. 2, give a pretty complete deter- 
mination of the maximum stresses on 
the assumptions made at the commence- 
ment. of the article. 

One of these assumptions, viz., that 
of constant cross section (^. e. -7= con- 
stant), deserves a single remark. In 
the St. Louis Arch Z was increased 
one-half at each end for a distance of 
one-twelfth of the span. This very 
considerable change in the value of J 
slightly reduced the maximum moments 
computed for a constant cross section. 
From other elaborate calculations, par- 
ticularly those of Heppel,* on the Britan- 
nia Tubular Bridge, it appears that the 
variation in the moments caused by the 
changes in cross section, which will 
adapt the rib to the stresses it must sus- 
tain, are relatively small, and in ordinary 
cases are less than fi\e per cent, of the 
total stress. The same considerations 
are not applicable near the free ends of 
a continuous girder, where I may theo- 
retically vanish. In the case before us, 
where the principal part of the stress 
arises not from the bending moments, 
but from the compression along the 
arch, the effect of the variation of Hb 
very inconsiderable indeed. 

* Philosophical Magazine^ Vol. 40, 1870. 
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CHAPTER TIL 

ARCH RIB WITH FIXED ENDS AND HINGE 
JOINT AT THK CROWN. 

Let the curve a of Fig. 3 represent 
the proportions of the arch we shall use 
to illustrate the method to be applied to 
arches of this character. The arch a is 
segmental in shape, and has a rise of one- 
fifth of the span. It is unnecessary to 
assume the particular dimensions in feet, 
as the above ratio is sufficient to deter- 
mine the shape of the arch. 

The arch is supposed to be fixed in the 
abutments, in such a manner that the 
position of a line drawn tangent to the 
curve a at either abutment is not changed 
in direction by any deflection which the 
arch may undergo. At the crown, how- 
ever, is a joint, which is perfectly free to 
turn, and which will, then, not allow the 
propagation of any bending moment 
from one side to the other. In order 
that we may effect the construction more 
accurately, let us multiply the ordinates 
of the curve a by some convenient num- 
ber, say 2, though a still larger multi- 
plier would conduce to greater accuracy. 
We thus obtain the polygon d. 

Having divided the span h into twelve 
equal parts h^ b^, etc, (a larger number of 
parts would be better for the discussion of 
an actual case), we lay off below the hori- 
zontal line b on the end verticals, lengths 
which express on some assumed scale the 
weights which may be supposed to be 
concentrated at the points of division of 
the arch. If a Hs the depth of the load- 
ing on the left and al^—-ial that on the 
right, then b^w^-\-b^^w^'= the weight con- 
centrated at a; w^w^= the weight at a^; 
ta^^ w./= the weight at a/, etc. Using 
6 as a pole, draw the equilibrium polygon 
Cy whose extremities c^ and c/ bisect 
w^ w^ and w/ w/ respectively. 

Now to find the closing line of this 
equilibrium polygon so that its ordinates 
shall be proportional to the bending mo- 
ments of a straight girder of the same 
span, and of a uniform moment of inertia 
ly which is built in horizontally at the 
ends and has a hinge joint at its center; 
we notice in the first place that the bend- 
ing moment at the hinge is zero, and 
hence the ordinate of the equilibrium 
polygon at this point vanishes. The 
closing line then passes through b the 
point in question. Furthermore it is 



evident that if we consider the parts of 
the girder at the right and left of the 
center as two separate girders whose 
ends are joined at the center, these ends 
have each the same deflection, by reason 
of this connection. 

This is expressed by means of our 
equations by saying that ^(Mx) when 
the summation is extended from one end 
to the center is equal to 2{Mx) when the 
summation is extended from the other 
end to the center, for these are then pro- 
portional to the respective deflections of 
the center. We may then write it thus : 

The equation has this meaning, viz : 
that the center of gravity of the right 
and left moment areas taken together is 
in the center vertical : for, taking each 
moment Jf as a weight, x is its arm, and 
Mx its moment about the center. 

In order to find in what direction to 
draw the closing line through b so that 
it shall cause the moment areas together 
to have their center of gravity in the 
center vertical through b, let us draw a 
second equilibrium polygon using the 
moment areas as a species of loading. 

The area on the left included between 
any assumed closing line as bb^ (or bh^) 
and the polygon bc^ may be considered 
to consist of a positive triangular area 
^^e^e (^^ ^^e^e) ^ud a negative parabolic 
area bc^c^c^; and similarly on the right a 
positive area bcjb^' (or bc^'h^') and a nega- 
tive area bc^'c^cj. 

At any convenient equal distances from 
the center as at p and /?', lay off these 
loads to some convenient scale. It is, 
perhaps, most convenient to reduce the 
moment areas to equivalent triangles 
having each a base equal to half the 
span : then take the altitudes of the tri- 
angles as the loads. This we have done, 
so that Jt)pj=jc,C3, and p'p^'^^c^'c^'. 
Now assume, for the instant, that closing 
line is bjb^^ which of course is incorrect, 
and make Jt>^,=V« and p^p^^b^c^y 
then these are the loads due to the posi- 
tive triangular areas at the left and right 
respectively, while pp^ and p'pl are the 
negative parabolic loads. 

Take (/ as the pole of these loads, then 

pp' may be taken for the first side of the 

second equilibrium polygon. Draw pq 

II o'p^ and p'q' \\ o'p^\ and then from q 
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and q' draw parallels to o'p^ respective- 
ly. These last sides intersect at g,. The 
vertical through q^ then contains the 
center of gravity of the moment areas 
\vhen h^ h^ is assumed as the closing 
line. 

A few trials will enable us to find the 
position of the closing line which causes 
the center of gravity to fall on the center 
vertical. We are able to conduct these 
trials so as to lead at once to the required 
closing line as follows. Since, evidently, 

^6^e + ^%^J=K^t + ^e'^e'j ^^ ^^ sccn that the 
sum of the positive loads is constant. 
Ther^ore radikQ pj)^=^p^'pj and use jt?,^, 
and p/jOg' as the positive loads, in the 
same manner as we used p^^p^ and p\p\ 
previously. 

This will be equivalent to assuming a 
new position of the closing line. The 
only change in the second equilibrium 
polygon will be in the position of the 
last two sides. These must now be drawn 
parallel to o'p^ and o'p^ respectively; 
and they intersect at q^. The vertical 
through q^ contains the center of gravity 
for this assumed closing line. Another 
trial gives us q^. 

Now if the direction of the closing 
line had changed gradually, then the in- 
tersection of the last sides of the second 
equilibrium polygon would have de- 
scribed a curve through g^, q^ and q^. If 
one of these points, as q^^ is near the cen- 
ter vertical, then the arc of a circle q^q^ 
q^^ will intersect it at q^ indefinitely near 
to the point where the true locus of the 
points of intersection would intersect the 
center vertical. 

Let us assume that q^ is then deter- 
mined with sufficient exactness by the 
circular arc q^q^q^^ and draw qq^ and q'q^ 
as the last two sides of the second equili- 
brium polygon. Now draw o'p^ \\ qq^ 
and o>/ II /2'6>t^en^,p,=cAandjt>/^/ 
=c/A/ are the required positive loads, 
and hjyhl is the position of the closing 
line such that the center of gravity of 
the moment areas is in the center verti- 
cal. 

It is evident that the closing line of the 
polygon d considered as itself an equilib- 
rium polygon is the horizontal line 
through J, for that will cause the center 
of gravity of the moment areas on the 
left and right, between it and the polygon 
d^ to fall on the center vertical. 

The next step in the construction is to 



apply Prop. IV, for the determination of 
the bending moments. 

That Prop. IV is true for an arch of 
this kind is evident; for, the loading 
causes bending moments proportional to 
the ordinates \c^^ h^c^^ etc., while the arch 
itself is fitted to neutralize, in virtue of 
its shape,moments which are proportional 
to Jc^d^^ /ijgC^g, etc. The differences of 
the moments represented by these ordi- 
nates are what actually produce bending 
in the arch. 

Now the ordinates of the type he are 
not drawn to the same scale as those of the 
type kdy for each was assumed regardless 
of the other. In order that we may find 
the ratio in which the ordinates he must 
be changed to lay them off on the same 
scale as kd it is necessary to use another 
equation of condition imposed by the 
nature of the joint and supports, viz: 

or 2^^ (Mi-M,)y = 4^,{Ma-Mc)y 

The left hand side of the equation is the 
horizontal displacement (^.e., the total 
deflection) of the extremity a of the left 
half of the arch, due to the actual bend- 
ing moments {Ma —Mc) acting upon it: 
and the right hand side is the horizontal 
displacement of a the extremity of the 
right half of the arch due to the moments 
actually bending it. These are equal be- 
cause connected hj the joint. 

The construction of the deflection 
curves due to these moments will enable 
us to find the desired ratio. 

The ordinates kd and he are rather 
longer than can be used conveniently, to 
represent the intensity of the moments 
concentrated at d^,d^^ etc, and c^jC^, etc.: 
so we will use the halves of these quan- 
tities instead. Therefore lay off dm^= 

i KK ^^e^6 = ^K ^5> ^6^24=^ ^4^4» etc., 
and also dn^ = J A^c^, n^n^ = J A^c^, etc. 

We use only one-quarter of each end 
ordinate because the moment area sup- 
posed to be concentrated at each end has 
only one half the width of the moment 
areas concentrated at the remaining 
points of division. 

Using 6 as a pole we find the deflection 
curve fb due to the moment Ma or Ma 
and the deflection curve gb due to the 
moments Mc on the left. On the right 
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we should find a deflection df^=df not 
drawn, and similarly a deflection dg^ not 
equal to dg. 

Now the equation we are using requires 
that the ordinates he shall be elongated 
so that when used as weights the deflec- 
tions shall be identical : i,e,y we must 
have df=igg\ To effect the elongation, 
lay off aj=df and ai=^g'; and at any 
convenient distance on the horizontals ii^ 
and ji/o draw the vertical \j\; then the 
lines ai^ and a]\ will effect the required 
elongation. For example, lay off ai^= 
h^c^^ from which we obtain ai^=k^e^ for 
the left end ordinate, and similarly «//= 

The pole distance tt^, of the original 
polygon c must be shortened in the 
same ratio in which the ordinates are 
elongated. Hence the new pole distance 
of the polygon e is tt^. 

Since kjc^^ is the closing line of the 
polygon e, and is horizontal, the pole of 
e is o, on the horizontal through h^\ for, 
h^w^ is the part of the applied weight 
sustained by the left support. 

Now if the weight line be moved up 
to t^ so that the applied weights are w,w/ 
at the center, etc., and o is the pole, the 
polygon e may be described starting from 
dy and it will finally cut off the end ordi- 
nates k^e^ and k^e^' before obtained. 
Then will the ordinates of the type de 
be proportional to the moments actually 
bending the arch, and the moments will 
be equal to the products of de by tt^^ in 
which de is measured on the scale of 
distance, and tt^ on the scale adopted for 
the weights w^w^^ etc. 

The accuracy of the construction is 
finally tested by taking ^((?«)'=0, an 
equation deduced from 2''{Md-'Mc)y=0, 
as explained in the previous article upon 
the St. Louis Arch. It is unnecessary to 
explain the details of this construction 
since as appears from Fig. 3 it is in all 
respects like that in Fig. 2. 

Now let us find the intensity of the 
tangential compression along the arch 
and of the shearing normal to the arch. 
Since the pole distance tt^ refers to the 
difference of ordinates between the poly- 
gons d and e, whose ordinates are double 
the actual ordinates, if we wish now to 
return to the actual arch a whose ordi- 
nates are halves of the ordinates of d, 
we must take a pole distance tt^=2tt^ and 
move the weight line so that it is the 



vertical through t^. Then tt^ is the actual 
horizontal thrust of this arch due to the 
weights; and ov^ is the resultant stress 
in the segment aj>^ of the arch, which 
may be resolved into two components 
or^ and v^r^ respectively parallel and per- 
pendicular to aj>^. 

Then are or^ and v^r^ respectively, the 
thrust directly along, and the shear di- 
rectly across the segment aj>^ of the 
arch. Similarly or^ and v^r^ represent 
the thrust along, and the shear across 
the segment a^a^y and so on for other 
segments. These quantities are all 
measured in the same scale as that bf the 
applied weights. 

The shear changes sign twice, as "will 
be seen from inspection of the directions 
in which the quantities of the type vr 
are drawn. The shear is zero wherever 
the curves d and e are parallel to each 
other. Thus the shear is nearly zero at 
b^y at a, and at some point between a/ 
and a/. 

The maxima and minima shearing^ 
stresses are to be found where the incli- 
nation between the tangents to the curves 
d and e are greatest. 

The statements made in the previous 
article, respecting the position of the 
moving load which causes maximum 
bending moments, are applicable to this 
kind of arch also. 

The maximum normal shearing stress 
will occur for the parts of the arch near 
the center, when the moving load is near 
its present position, covering one half of 
the arch. But the maximum normal 
shearing stress near the ends, may occur 
when the arch is entirely covered by the 
moving load, or when it may occur when 
the moving load is near its present posi- 
tion, it being dependent upon the rise of 
the arch, and the ratio between the mov- 
ing and permanent load. 

The maximum tangential compressions 
occur when the moving load covers the 
entire arch. The stresses obtained by 
the foregoing constructions, go upon the 
supposition that the arch has a constant 
cross-section, so that its moment of iner- 
tia does not vary, and no account is 
taken of the stresses caused by any 
changes of the length of the arch rib, 
due to variations of temperature or other 
causes. These latter stresses we shall 
now investigate for both of the kinds of 
arches which have been treated. 
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CHAPTER IV. 

TEMPEEATUEE STEAINS. 

It is convenient to classify all strains 
and stresses arising from a variation in 
the length of the arch, under the head 
of temperature, as such stresses could 
evidently have been brought about by 
suitable variations of temperature. 

The stresses of this kind which are of 
sufficient magnitude to be worthy of con- 
sideration, besides temperature stresses 
are of two kinds, viz. the elastic short- 
ening of the arch under the compression 
to which it is subjected, and the yielding 
of the abutments, under the horizontal 
thrust applied to them by the arch. 
This latter may be elastic or otherwise. 
It was, I believe, neglected in the com- 
putation of the St. Louis Arch, and no 
doubt with sufficient reason, as the other 
stresses of this kind were estimated with 
a sufficient margin to cover this also. 
Anything which makes the true span of 
the arch differ from its actual span 
causes strains of this character. By true 
span is meant the span which the arch 
would have if laid flat on its side on a 
plane surface in such a position that 
there are no bending moments at any 
point of it, while the actual span is the 
distance between the piers when the 
arch is in position. If the arch be built 
in position, but joined at the wrong tem- 
perature the true and actual spans do 
not agree and excessive temperature 
strains are caused. 

Taking the coefficient of expansion of 
steel as ordinarily given, a change of 
±80^F. from the mean temperature 
would cause the St. Louis Arch to be 
fitted to a span of about 3 J inches, greater 
or less than at the mean. 

The problem we wish to solve then is 
very approximately this : What hori- 
zontal thrust must be applied to increase 
or decrease the span of this arch by 3 J 
inches, and what other stresses are in- 
duced by this thrust. In Fig. 4 the half 
span is represented on the same scale as 
in Fig. 2. The only forces applied to 
the half arch are an unknown horizontal 
thrust ^at h^ and an equal opposite 
thrust ^at a. The arch is in the same 
condition as it would be if Fig. 4 repre- 
sented half of a gothic arch of a span = 
2a^, of which a was one abutment, and b^ 
was the new crown at which a weight of 



2jy was applied. The gothic arch would 
be continuous at the crown, but the 
abutment a would be mounted on rollers, 
so that although the direction of a tan- 
gent at a could not be chauged, neverthe*- 
less the abutment could afford no resist- 
ance to keep the ends from moving 
apart, ix. there is no thrust in the direc- 
tion of a5, any more than there is along 
an ordinary straight girder. 

In order to facilitate the accurate con- 
struction, let us multiply the ordinate^ 
of a by 3 and use the polygon d instead. 
Now the real equilibrium polygon of the 
applied forces H^ is the straight line Jc\. 
By real equilibrium polygon is meant, 
that one which has for its pole distance, 
the actual thrust of the arch. As we 
are now considering this arch, II is the 
applied force, and the thrust spoken of 
is at right angles to II, We have just 
shown this thrust to be zero. We have 
then to construct an equilibrium polygon 
for the applied force II with a pole dis- 
tance of zero. The polygon is infinitely 
deep in the direction of Hy and hence is 
a line parallel to H. This fixes its direc- 
tion. 

Its position is fixed from the considera- 
tion that the total bending is zero, (be- 
cause the direction of the tangents at 
the extremities a and b^ are unchanged), 
which is expressed by the equation 

This gives us the same closing line 
through k which we found in Fig. 2, and 
the ordinates of the type kdy are propor- 
tional to the moments caused by the 
horizontal thrust -ff 

Now lay off dm^^^kjb^y m^m^=k^d^y 
etc., as in Fig. 2. 

The problem of finally determining 3^ 
will be solved in two steps: 

1°. We shall find the actual values of 
the moments to which the ordinates kd 
are proportional; 

2°. We shall find jETby dividing either 
of these moments by its arm. 

By considering the equation 

l)yEI=I{My) 

given in Chapter I, in which Dy is 
the horizontal displacement, it is seen 
that if the actual moments are used for 
weights, and £JI for the pole distance, we 
shall obtain, as the second equilibrium 
polygon, a deflection curve whose ordi- 
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nates are the actual deflections due to 
the moments. By actual moments, actual 
deflections, etc, is meant, that all of the 
quantities in the equation are laid off to 
the scale of distance, say one n^^ of the 
actual size. 

Now let the equation be written 

nDy . \EI=I{Mi/). 

From which it is seen that if the ordi- 
nates be multiplied by n, so that on the 
paper they are of the same size as in the 
arch, we must use one n^^ of the former 
pole distance, all else remaining un- 
changed. 

Now for the St. Louis Arch, JEI= 
39680000 foot tons. Let us take 100 
tons to the inch, as the scale of force : 
and since bd'=:'S inches, the scale of dis- 
tance n is found from the proportion 

3 in. ; : 61.8 ft. ; ; 1 : n = 210 nearly, 
and JEJI-T- 100 n^=9 in. nearly, 

which is the pole distance necessary to use 
with the actual deflection J of 3iin.= 
Ifin., in order that the moments may be 
measured to scale. As it is inconvenient 
to use so large a distance as 9 in. on our 
paper, let us take f of 9 in. =3j in. 
nearly =dz for the pole distance, and 
f of li in. =4J in. =dy, for the deflec- 
tion. 

Now with 2 as a pole and the weights 
Jm^, ^gm,, etc, draw the deflection curve 
bf, having the deflection =df. The mo- 
ments Afd must be increased in such a 
ratio that the deflection will be increased 
from df to dy. Therefore draw the 
straight lines bf and by, which will ena- 
ble us to effect the increase in the required 
ratio. For example, the moment dm^=:bi 
is increased to bj\ and dm^=bj is increased 
to bj\. Now measuring bj in inches and 
multiplying by 210 and by 100, we have 
found that 21000 ^'=1809 foot tons=the 
moment at d or a. 

And again, 21000 bj\=:Sl41 foot tons 
=the moment at b^. 

By measurement 210 dk=17 ft. and 
210 ^^=34.8 ft. 

.-. ir= 1809 -T- 17 = 106 tons, -f 

or JT=3747-^34.8=108 tons — . 

These results should be identical, and 
the difference between them of less than 
2 per cent, is due to the error occasioned 



by using the polygon d instead of th.e 
curve of the ellipse, and to small errors 
in measurement. With a larger figure 
and the subdivision of the span into a 
greater number of parts this error could 
be reduced. The value of JT found for 
the St. Louis Arch by computation was 
] 04 tons, but that was not on the suppo- 
sition of a uniform moment of inertia T^ 
and should be less than the value we 
have obtained. 

Now this horizontal thrust -ZT due to 
temperature and to any other thrusts 
of like nature as compression, etc, is of 
the nature of a correction to the thrust 
due to the applied weights. Thus in 
Fig. 2 we found Sov^ to be the thrust due 
to the applied weights, and on applying 
the correction we must use the two 
thrusts Sov^-^ITand 3ov'— JjTaspole dis- 
tances to obtain equilibrium polygons 
whose ordinates reckoned from the arch 
a will, when multiplied by its pole dis- 
tance, give the true bending moments. 
The tangential and normal stresses can 
then be determined by resolution, pre- 
cisely as in Fig. 3. 

If it, however, appears desirable to 
compute separately the strains due to 
-B^ this may be more readily done than 
in combination with the stresses already 
obtained. We have already seen sufli- 
ciently how the bending moments due 
to -fiTare found. In fact the moments 
are such as would be produced by apply- 
ing JjTat the point where the horizontal 
through k cuts the polygon d, for this is 
the point of no moment, and may be 
considered for the instant as a free end 
of each segment, to each of which ITis 
applied causing the moments due to its 
arm and intensity. 

To find the tangential stress and shear, 
lay off in Fig. 4 ay =^ and on it as a di- 
ameter describe a semicircle, and draw 
ar^ II a^a^y ar^ \\ a^a^ etc.; then will ar^ be 
the component of JjTalong a^a^, and vr^ be 
the component of ^ directly across the 
same segment. In a similar manner the 
quantities of which ar on the type are 
the tangential stresses and the quantities 
vr are the shearing stresses caused by 

^ The scale used for this last constnic- 
tion is about fifty tons to the inch. 

Now JjTis positive or negative accord- 
ing as the temperature is increased 
above or diminished below the mean, 
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and these tangential and normal com- 
ponents, of course, change sign with H, 

It should also be noticed in this connec- 
tion that thrusts and bending moments, 
which are numerically equal but of op- 
posite sign, are induced by equal con- 
tractions and expansions. 

The stresses due to variation of tem- 
perature in the arch of Fig. 3, having a 
center joint, are constructed in Fig. 5. 

It is evident from reasoning similar to 
that employed for the case just discussed, 
that the closing line dk^ of the polygon 
d is the equilibrium polygon of the thrust 
jET induced by variation of temperature. 
Suppose we have changed the equation 
of deflections to the form, 

^ EI J M y\ 

* mn \ n n! 

in which, if mDyz=zdy and EI-^mn^z=dz^ 
then the moments M and the ordinates 
y will be laid off on the scale of 1 to n. 
This is equivalent to doing what was 
done in the previous case, where m was 
equal to f. The remainder of the pro- 
cess is that previously employed. 

It should be noticed that we have in 
Figs. 4 and 5, incidentally discussed two 
new forms of arches, viz; in Fig. 4 that 
of an arch having its ends fixed in direc- 
tion, but not in position; Le,, its ends 
may slide but not turn, and in Fig. 5, 
that of an arch sliding freely and turn- 
ing freely at the ends. The first of these 
arches has the same bending moments "as 
a straight girder, fixed in direction at the 
ends, and the second of them has the same 
bending moments as a simple girder sup- 
ported at its ends. 

Errata, — ^The measurements of Fig. 4 
given on page 24 do not agree with the 
scale on which the drawing is engraved. 
The following equations and quantities 
agree with the dimensions of Fig. 4, and 
are to be substituted instead of those 
given on page 24. 

Let the scale of force be 100 tons to 
the inch, and since ic?=4^ inches, 4^ in. 
: 51.8 ft. ; ; 1 : w.= 140 nearly, and JEI-r- 
100w*=20 in. nearly, which is the pole 
distance to use with the actual deflection 
of the half span =1^ in. 

Now take one fourth of this pole dis- 
tance = 5 in. = dz^ and four times the 
deflection = 6^ in. = dy^ as being more 
convenient to use; the moments, which 



are the products of the deflections by 
the pole distance, will be unchanged by 
this process. 

Now increase the ordinates in such a 
ratio that the deflection will be increased 
from df' to dy. For example, the mo- 
ment dm^=:bi is increased to bj\ and dm^ 
=bi^ is increased to bj^. Now by meas- 
uring bj in inches and multiplying by 
140 and by 100 we have found 14000 bj=z 
J809 foot tons=the moment at a or d. 
And again, 14000 bj\=S14:1 foot tons = 
the moment at b^. 

By measurement, 140 c?A;=l7ft. 

and 140 bk=S'^.S ft. 

.-. ^=1809-M7=106 tons +, 
or jy=3747-f-34.8=108 tons — . 

Near the bottom of the second column 
of page 24, instead of ar^, ar^, vr^, ar, vr, 
read av^, av^, vv^, av, vv. 

The scale used in the last construction 
in Fig. 4, is about 33 J tons to the inch. 

UNSYMMETRIGAL ARCHES. 

The constructions which have been 
given have been simplified somewhat 
by the symmetry of the right and left 
hand halves of the arch, but the meth- 
ods which have been used are equally 
applicable if such symmetry does not 
exist, as it does not, if, for example, the 
abutments are of different heights. 

In particular, for the unsymmetrical 
arch, its closing line is not in general 
horizontal, and must be found precisely 
as that for the equilibrium polygon due 
to the applied weights. 

If, in Fig. 3, the hinge joint is not 
situated at the center, the arch is un- 
symmetrical, and the determination of 
the closing line due to the applied 
weights, is not quite so simple as in Fig. 
3. It will be necessary to draw the trial 
lines through the joint by which the 
curve of errors q is found. 

CHAPTER V. 

ARCH RIB WITH END JOINTS, 

Let the curve a of the arch to be 
treated have a span of six times the rise, 
as represented in Fig. 6, and having 
divided the span into twelve equal parts, 
make the ordinates of the type bd twice 
the ordinates ab. 

Let a uniform load having a depth xy 
cover the two-thirds of the span at the 
left, and a uniform load having a deptl i 
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xj/'= i xy cover the one-third of the 
span at the right. Assume any pole dis- 
tance, as of one-third of the span, and 
lay off ^^t£>j—a5y= one-half of the load 
supposed to be concentrated at the cen- 
ter; wto^=2xy=ihe load concentrated 
above o^, etc. Similarly at the left make 
5^'t(jj'=a5y=one-half the load above b; 
w/i/7/=2jBy=the load above 6// w/w ' 
=a;y + xj/^ = iajy = the load above b/; 
iD^^w/=xi/=t\ie load above ^/, etc. 

From this force polygon draw the 
equilibrium polygon o, just as in Figs. 2 
and 3. 

Now the closing line of the equilibrium 
polygon for a straight girder with ends 
free to turn, must evidently pass so that 
the end moments vanish. Hence c^c/ 
is the closing line of the polygon c, and 
bj>/ is the closing line of the polygon d, 
drawn according to the same law. The 
remaining condition by which to determ- 
ine the bending moments is: 

2{Ma-M,)y^0 .-. 2{May)^2{Mcy) 

which is the equation expressing the con- 
dition that the span is invariable, the 
summation being extended from end to 
end of the arch. 

This summation is effected first as in 
Figs. 2 and 3, by laying off as loads 
quantities proportional to the applied 
moments concentrated at the points of 
division of the arch, and thus finding the 
second equilibrium polygon, or deflection 
polygon of two upright girders, bent by 
these moments. 

Let us take one-fourth of each of the 
ordinates ^c? for these loads, i.e. bm=i of 
J bd / mmj=i b^d^^ etc. : also 6n, nn^, etc., 
equal to similar fractions of the ordinates 
of the curve c. Using d as the pole for 
this load, we obtain the total deflection 
bf^ on the left, and the same on the right 
mot drawn) due to the bending moments 

Similarly g^^' is the total deflection 
right and left due to the moments J/c. 

Now the equation of condition re- 
quires that J ^^/=^/..* That this may 
occur, the ordinates of the polygon c 
must be elongated in the ratio of these 
deflections. To effect this, make a^= 

ifftPt *^^ ^j=kfty ^^^ ^^ ^^® horizon- 
tals through i and / at a convenient dis- 
tance draw the vertical \j\; then the 
lines ai^ and aj\ will effect the required 
elongation, as previously explained. To 



obtain the center ordinate be^ for ex- 
ample, make ai'^=^bh .*. aj':=be. To 
find the new pole o, draw bv parallel to 
c^c^' and vo horizontal, as before ex- 
plained. 

If a\ cuts the load line at t^ and the 
horizontal through ^^ cuts aj^ at ^,, then 
the vertical through t^ is the new position 
of the load line and tt^ is the neiv^ hori- 
zontal thrust. 

Now using o as the pole of the load 
line w,w/ etc., through t^ draw the equi- 
librium polygon starting from e. It 
must pass through b^ and &/, which tests 
the accuracy of the construction. 

The construction may now be com- 
pleted just as in Fig. 3, by doubling the 
pole distance, and finding the tangential 
thrust along the arch and the normal 
shear directly across the arch in the 
segments into which it is divided. The 
maximum thrust and tangential stress is 
obtained when the line load covers the 
entire span. 

To compute the effect of changes of 
temperature and other causes of like 
nature in producing thrust, shear, bend- 
ing moment etc., let us put the equation 
of deflections in the following form: 

„^2>^.^=W^.?/) . (D) 

'^ mnn \nn n I 

This equation may perhaps put in 
more intelligible form the processes used 
in Figs. 4 and 5, and is the equation 
which should be used as the basis for the 
discussion of temperature strains in the 
arch. In equation (D) n is the number 
by which the rise of the arch must be 
divided to reduce it to bd^ ^^€., it is the 
scale of the vertical ordinates of the 
tvpe bd^ in Fig. 6, so that if bd was on 
the same scale as the arch itself, n would 
be unity. Again, n* is the scale of force, 
t.6., the number of tons to the inch; and 
m is a number introduced for convenience 
so that any assumed pole distance p may 
be used for the pole distance of the sec- 
ond equilibrium polygon. In Fig. 6, jt? 
=^bd. 

We find m from the equation. 



JP = 



EI 

mn*n/ 



m= 



EI 



from which m may be computed, for EIi% 
a certain known number of foot tons when 
the cross-section of the rib is given, p is 
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a number of inches assumed in the draw- 
ing, n and n* are also assumed. Now 
I>y is the number of inches by which 
the span is increased or decreased by the 
change of temperature, and mDy is at 
once laid off on the drawing. 

The quantities in equation (D) are so 
related to each other, that the left-hand 
member is the product of the pole dis- 
tance and ordinate of the second equi- 
librium polygon, while the right-hand 
member is the bending moment pro- 
duced by the loading Jf-r-nw', which 
loading is proportional to Jf. The curve 
f was constructed with this loading, and 
only needs to have its loads and ordi- 
nates elongated in the ratio of hf^ to 
\ mDy to determine the values of 
M-rrnn' at the various points of division 
of the arch. One-half of each quantity 
is used, because we need to use but one- 
half the arch in this computation. Two 
lines drawn, as in Figs. 4 and 5, effect 
the required elongation. 

The foregoing discussion is on the im- 
plied assumption that the horizontal 
thrust caused by variation of tempera- 
ture is applied in the closing line hh^ of 
the arch, which is so evident from pre- 
vious discussions as to require no proof 
here. 

The quantity determined by the fore- 
going process is M-^nn' ^=.q say, a cer- 
tain number of inches. Then M^nn'qy 

and H=^M'^y=n^q-T'^. in which -is the 

length of the ordinate in inches on the 
drawing at the point atwhich Jf is applied. 

The determination of the shearing and 
tangential stress induced by JEC is found 
by using H as the diameter of a circle, 
in which are inscribed triangles, whose 
sides are respectively parallel and per- 
pendicular to the segments of the arch, 
precisely as was done in Figs. 4 and 5. 

The whole discussion of the arch with 
end joints may be applied to an unsym- 
metrical arch with end joints. In that case, 
it would be necessary to draw a curve f 
at the right as well as / at the left, and 
the two would be unlike, as g and g' are. 
This, however, would afford no difficulty 
either in determining the stresses due to 
the loads, or to the variations of tem- 
perature. 

When the live load extends over two- 
thirds of the span, as in the Fig., the 
maximum bending moment is nearly in 



the middle of that live load, and is very 
approximately the largest which can be 
induced by a live load of this intensity, 
while the greatest moment of opposite 
sign is found near the middle of the un- 
loaded third of the span. 

If the curve of the arch were a para- 
bola instead of the segment of a circle, 
these statements would be exact and 
not approximate, as may be proved 
analytically. This matter will be fur- 
ther treated hereafter. 

CHAPTER VI. 

ARCH RIB WITH THREE JOINTS. 

Let the joints be at the center and ends 
of the arch, as seen in Fig. 7. Let the 
loading and shape of the arch be the 
same as that used in Fig. 6. Now since 
the bending moment must vanish at each 
of the joints, the true equilibrium curve 
must pass through each of the joints; 
i, e,, every ordinate of the polygon c 
must be elongated in the ratio of db to 
bh. To effect this, make di=bh, and at 
a convenient distance on the horizontals 
through b and i drav the vertical % b^. 
Then the ratio lines di^ and db^ will 
enable us to elongate as required, or to 
find the new pole distance ti^ dimin- 
ished in the same ratio, by drawing the 
horizontal ti through i^. The new pole o is 
found in the same manner as in Fig. 6. 

Now with the new pole o and the new 
load line through ^, we can draw the 
polygon e starting at d. It must then 
pass through b^ and &/ which tests the 
accuracy of the construction. 

The maximum thrust, and tangential 
stress is attained when the live load 
covers the entire span. 

Variations in length due to changes 
of temperature induce no bending mo- 
ments in this arch, but there may be 
slight alteration in the thrust, etc., pro- 
duced by the slight rising or falling of 
the crown due to the elongation or 
shortening of the arch. This is so small 
a displacement that it is of no import- 
ance to compute the stresses due to it. 
We have for the same reason, in the 
previous and subsequent constructions, 
omitted to compute the stresses arising 
from the displacement which the arch 
undergoes at various points by reason of 
its being bent. It would be quite pos- 
sible to give a complete investigation of 
these stresses by analogous methods. 
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The construction above given is appli- 
cable to any arch with three joints. The 
arch need not be symmetrical, and the 
three joints can be situated at any points 
of the arch as well as at the points 
chosen above. 

CHAPTER Vn. 

THE ARCH RIB WITH ONE END JOINT. 

Let the arch be represented by Fig. 8, 
in which the load, etc., is the same as in 
Fig. 6. 

The closing line must pass through the 
joint, for at this joint the bending 
moment vanishes. 

A second condition which must be 
fulfilled is, that the total deflection be- 
low the tangent at the fixed end of a 
straight girder having one end joint 
vanishes, for the position of the joint is 
fixed. This is expressed by the equation 

in which the summation is extended 
from end to end. 

This condition will enable us to draw 
the closing line of the polygon c, and 
also that of d. The problem may be 
thus stated: — In what direction shall a 
closing line such as c,A' be drawn from 
Cg so that the moment of the negative 
triangular area cf^h' about c^ shall be 
equal to the moment of the positive 
parabolic area cpc^ 

To solve this problem, first find the 
center of gravity of the parabolic area 
by taking it in parts. The parabolic 
area c^ 6 c/ is a segment of a single 
parabola whose area is ^^P^Y.G^G^=\h^ 
X^A'> w^®^ Ai=the height of an equiva- 
lent triangle having the span for its base 

Lay off lj!)=zc^c^y and draw Ifi^^ .\ 
bj^=h^. Lay off c^^p^=h^ as proportion- 
al to the weight of the parabolic area. 
Again, c/jt? is proportional to the weight 
of the triangle a^c^c^. The parabolic 

area c/c/= |c/c/x VV=i^3X W. as 
before, .*. h^^^c^c^y which may be 
found as h^ was before. 

Let \-~pp^i then on taking any pole, 
as Cg, of this weight line, we draw qq^ \\ 
c^c^'y since the left parabolic area has its 
center of gravity in the vertical through 
g'j, and the triangular area in that through 
q, we draw qq/ \\ c^p, to the vertical 
through q/y which contains the center of 
gravity of the right parabolic area. 
The position of q midway between the 



verticals containing b and b^ is slightly 
to the right of its true position, as it 
should be at one-third of the distance 
from the vertical through b to that 
through &g. This does not affect the 
nature of the process however. 

Then q^q^ || c^p^ and q/q, || c,p, give q, 
in the vertical through the center or grav- 
ity of the total positive area. The nega- 
tive area, since it is triangular, has its cen- 
ter of gravity in the vertical through c^\ 

Now if the total positive bending mo- 
ment be considered to be concentrated 
at its center of gravity and to act on a 
straight girder it will assume the shape 
rq^r^ of this second equilibrium polygon, 
and if a negative moment must be ap- 
plied such that the deflection vanish, the 
remainder of the girder must be r^r,, a 
prolongation of rr^. Now draw c^p^ \\ 
rr^, and we have p^Pi=c^^h' the height 
of the triangle of negative area. Hence 
CgA' is the closing line, fulfilling the re- 
quired conditions. 

Again, to draw the closing line b^k^ 
according to the same law, we know 
that the center of gravity of the poly- 

fonal area d is in the center vertical, 
o find the height Pjp\ of an equivalent 
triangle having a base equal to the span, 
we may obtain an approximate result, as 
in Fig. 2, by taking one twelfth of the 
sum of the ordinates of the type bd, but 
it is much better to obtain an exact 
result by applying Simpson's rule which 
is simplified by the vanishing of the end 
ordinates. The rule is found to reduce 
in this case to the following: — The 
required height is one eighteenth of the 
sum of the ordinates with even subscripts 
plus one ninth of the sum of the rest. 

Now this positive moment concentrated 
in the center vertical and a negative 
moment such as to cause no total deflec- 
tion in a straight girder, will give as a 
second equilibrium polygon rq^r/7\'', 
and if cj?^^ \\ rr/, then pp^^^b^k is the 
height of the triangular negative area, 
and the closing line is bjc' . 

Now the remaining condition is that 
the span is invariable, which is expressed 
by the equation 

Let us construct the deflection curve 
due to the moments M^ in a manner 
similar to that employed in Fig. 2. We 
lay off quantities dm^y ^6^^*4> etc.. 
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equal to one-fourth of the corresponding 
ordinates of the curve c?, and dn^^ 
n^n^, etc., one-fourth of the ordinates 
of the curve c. We use one-fourth or 
any other fraction or multiple of both 
which may be convenient. By using b 
for a pole we obtain the deflection curves 
yandy^ for the moments proportional to 
Md , and the curves g and ff^ for those 
proportional to Me . 

Now, Prop. IV. requires that the or- 
dinates of the polygon c should be in- 
creased so that gg^ shall become equal to 
jflf\ Make di=:gg^ and dj=Xf^ and draw 
as before the ratio lines di^ and dj^, then 
the vertical through t^ is the new position 
of the load line. 

Find the new length of bh which is 
key and with the new pole o, draw the 
polygon € starting at e. It must pass 
through b^. The new pole o is found 
thus: draw bv \\ hh\ then v divides the 
weight line into two parts, which are 
the vertical resistances of the abutments. 
From t?j draw v^o\\ Ickf^ then the closing 
line of the polygon e has the direction hh'. 

A single joint at any point of an un- 
symmetrical arch can be treated in a 
similar manner. 

A thrust produced by temperature 
strains will be applied along the closing 
line lck\ and the bending moments in- 
duced will be proportional to the ordin- 
ates of the polygon d from this closing 
line. The variation of span must be 
computed not for the horizontal span, 
but for the projections of it on the clos- 
ing line Jck\ The construction of this 
component of the total effect will be 
like that previously employed. Another 
effect will be caused in a line perpendic- 
ular to hh'. The variation of span for 
this construction, is the projection of the 
total horizontal variation on a line per- 
pendicular to lck\ and the bending mo- 
ments induced by this force applied at 
b^y and perpendicular to the closing line, 
will be proportional to the horizontal 
distances of the points of division from 
b^. As these constructions are readily 
made, and the shearing and tangential 
stresses determined from them, it is not 
thought necessary to give them in detail. 

CHAPTER VIII. 

ARCH RIB WITH TWO JOINTS. 

Let us take the two joints, one at the 
center and one at one end as represented 



in Fig. 9. Let the loading, etc., be as 
in Fig. 6. 

The closing line evidently passes 
through the two joints, as at them the 
bending moment vanishes. 

The remaining condition to be fulfilled 
is that the deflection of the right half of 
the arch in the direction of this line, 
shall be the same as that of the left 
half. 

Let us then suppose that the straight 
girder ^/ jt?' perpendicular to the closing 
line, is fixed at 6/ and bent first by 
the moments M^ giving us the deflection 
curve b^ f when h^ is taken as the pole, 
and the loads of the type mm are one- 
quarter of the corresponding ordinates 
of the polygon d; and secondly, by the 
moments Mc giving us the deflection 
curve b^g' when drawn with the same 
pole, and the loads of the type nn also 
one-quarter of the corresponding ordi- 
nates of the polygon c. It should be 
noticed that the points at which these 
moments are supposed to be concentra- 
ted in the girder b^ p'^ are on the paral- 
lels to hh' through the points d^y d^j 
etc. 

Similarly let j7 and/,/, be the deflec- 
tion curves of the straight girder d^p 
(using c?3 as the pole distance), under the 
applied moments. 

We have used now a pole distance 
differing from that used in the right half 
of the arch. These pole distances must 
have the same ratio that the quantity jEZ" 
has for the two parts of arch. If -ETis the 
same in both parts of the arch the same 
pole distance must be used to obtain the 
deflection curves in both sides of the mid- 
dle. In the same manner the curves gg^ 
and g^ Sive found. Now must the mo- 
ments Mc causing the total deflection 
p'g'—gg^=-^ct>i be elongated so that they 
shall cause a total deflection pf—ff^^- 
\aj* The ratio lines ai^^ aj\' will enable 
us to find the new position t^ of the load 
line to effect this. 

To find o the new pole, through 
V,, which divides the load line into 
parts which are the vertical resistances 
of the piers, draw v^o \\ bjc. Then draw 
the polygon e as in Fig. 7, starting from 
d. It must pass through b^. We can 
find also whether ke^ has the required 
ratio to Ac/ by the aid of the ratio lines, 
which will further test the accuracy of 
the work. 
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Any nnsymmetrical arch with joints 
situated differently from the case consid- 
ered can be treated by a like method. 

The temperature strains should be 
treated like those in Fig. 8, which are 
caused by a thrust along the closing line. 
Those at right angles to this line vanish 
as the joints allow motion in this direc- 
tion. The shearing and tangential stress- 
es can be found as in Fig. 3. 

Arches with more than three hinge 
joints are in unstable equilibrium, 
and can only be used in an inverted 
position as suspension bridges. These 
will be treated subsequently. If the 
joints, however, possess some stiffness 
so that they are no longer hinge joints, 
but are block-work joints, or analo- 
gous to such joints, we may still con- 
struct arches which are stable within 
certain limits although the number of 
joints is indefinitely increased. Such 
are stone or brick arches. These will 
also be treated subsequently. 

The constructions in Figs. 6, 7, 8, 9, 
can be tested by a process like that em- 
ployed in Figs. 2 and 3. In Fig. 2, for 
instance, we obtained the algebraic sum 
of the squares of the quantities of the 
type ss, and showed that such sum van- 
ishes. We can obtain the same result in 
all cases. 

CHAPTER IX. 

THE CINCINNATI AND COVINGTON SUSPEN- 
SION BRIDGE. (Fig. 10.) 

The main span of this bridge has a 
length of 1057 feet from center to cen- 
ter of the towers, and the end spans are 
each 281 feet from the abutment to the 
center of the tower. The deflection of 
the cable is 89 feet at a mean tempera- 
ture, or about 1 — 11.87th of the span. 
There is a single cable at each side of 
the bridge. Each of these cables is made 
up of 5200 No. 9 wires, each wire having 
a cross-section of l-60th of a square 
inch and an estimated strength of 1620 
lbs. Each of these cables has a diameter 
of 12 J inches, and an estimated strength 
of 4212 tons. Each cable rests at the 
tower upon a saddle of easy curvature, 
the saddle being supported by 32 rollers 
which run upon a cast iron bed-plate 
8X11 feet, which forms part of the top 
of the tower. Since the bed-plate is 
horizontal this method of support ensures 
the exact perpendicularity of the force 



which the cables exert upon the towers, 
without its being necessary to make the 
inclination of the cable on both sides of 
the saddle the same. There is, there- 
fore, no tendency by the cables to over- 
turn the towers, and they need only be 
proportioned to bear the vertical stresses 
coming upon them. 

As this bridge differs greatly in some 
respects from other suspension bridges, 
it seems necessary to describe its 
peculiarities somewhat minutely. 

The roadway and sidewalks make a 
platform 36 feet wide, extending from 
abutment to abutment, 1619 feet. It is 
built of three thicknesses of plank solid- 
ly bolted together, in all 8 inches thick. 
This is strengthened by a double line, of 
rolled I girders, 1630 feet long, running 
the entire length of the center of the 
platform. These I girders are arranged 
one line above the other, and across be- 
tween them, at distances of 5 feet, run 
lateral I girders which are suspended 
from the cable. The upper line of 
girders is 9 inches deep, (and 30 lbs. per 
foot); the lower line is 12 inches deep 
(and 40 lbs. per foot). The lateral 
girders are 7 inches deep (and 20 lbs. per 
foot), and are firmly embraced between 
the double line of longitudinal girders. 
The girders of this center line are 
each 30 ft. long, and are spliced together 
by plates in the hollows of the I, but 
the holes through which the bolts pass 
are slots whose length is two or three 
times the diameter of the bolts. This 
makes a " slip joint " such as is often 
used in fastening the ends of the rails on 
a railroad. The slip joints permit the 
wooden planking of the roadway to ex- 
pand and contract from variations of 
moisture and temperature without inter- 
ference from the iron girders which are 
bolted to it. 

There is also a line of wrought-iron 
truss-work about 10 feet deep extending 
from abutment to abutment on each side 
of the roadway, consisting of panels of 
5 feet each, to each lower joint of which 
is fastened a lateral girder and a suspen- 
der from the cable. This trussing is a 
lattice, with vertical posts, and ties ex- 
tending across two panels, and its chords 
are both made with slip joints every 30 
feet. 

It is apparent that this whole arrange- 
ment of flooring with the girders and 
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trusses attached to it possesses a very 
small amount of stiffness, in fact the 
stiffness is principally that of the floor- 
ing itself. It will permit a very large 
deflection, say 25 feet, up or down from 
its normal position without injury. Its 
oflSce is something quite different from 
that of the ordinary stiffening truss of a 
suspension bridge. It certainly serves 
to distribute concentrated loads over 
short distances, but not to the extent re- 
quired, if that were the sole means of 
preserving the cable in a fixed position 
under the action of moving loads. Its 
true function is to destroy all vibrations 
and undulations, and prevent their pro- 
pagation from point to point by the 
enormous friction al resistance of these 
slip joints. When a wave does work 
against elastic forces, the reaction of 
those forces returns the wave with 
nearly its original intensity, but when it 
does work against friction it is itself 
destroyed. 

The means relied on in this bridge to 
resist the effect of unbalanced loads is a 
system of stays extending from the top 
of the tower in straight lines to those 
parts of the roadway which would be 
most deflected by such loads. There are 
76 such stays, 19 from the top of each 
tower. The longest stays extend so far 
as to leave only 350 feet., i.e., a little 
over one-third of the span, in the center 
over which they do not extend. Each 
stay being a cable 2^ inches in diameter 
has an estimated strength of 90 tons. 
They are attached every 15 feet to the 
roadway at the lower joints of the truss- 
ing, and are kept straight by being fast- 
ened to the suspenders where they cross 
them. This system is shown in Fig. 10 in 
which all the stays for one cable are 
drawn, together with every third sus- 
pender. The suspenders occur every 5 
feet throughout the bridge but none are 
shown in the figure except those attach- 
ed at the same points as the stays. 

These stays must sustain the larger 
part of any unbalanced load, at the same 
time producing a thrust in the roadway 
against either the abutment or tower. 

It is really an indeterminate ques- 
tion as to how the load is divided 
between the stays and trussing; and 
this the more, because of the manner in 
which the other extremities of the stays 
are attached. Of the nineteen stays 



carried to the top of one tower, the eight 
next the tower are fastened to the bed 
plate under the saddle, and so tend to 
pull the tower into the river; the remain- 
ing eleven are carried over the top of 
the tower, and rest on a small independ- 
ent saddle, beside the main saddle, and 
are eight of them fastened to the middle 
portion of the side spans as shown in Fig. 
10, while the other three are anchored to 
the abutment. 

In view of the indeterminate nature 
of the problem, it has seemed best to 
suppose that the stays should be propor- 
tioned to bear the whole of any excess 
of loading of any portion of the bridge, 
over the uniformly distributed load 
(which latter is of course borne by the 
cable itself) ; and further that the truss 
really does bear some fraction of the 
unbalanced load, and that the bending 
moments have therefore the same relative 
amounts as if they sustained the entire 
unbalanced load. This fraction, how- 
ever, is quite unknown owing to the im- 
possibility of finding any approximate 
value of the moment of inertia / for the 
combined wood and iron work of the 
roadway. 

This method of treatment has for our 
present purpose this advantage, that the 
construction made use of is the same as 
that which must be used when there are 
no stays at all, and the entire bending 
moments induced by the live loads are 
borne by the stiffness of the truss alone. 

Now in order to determine the tension 
in any stay, as for instance that in the 
longest stay leading to the right hand 
tower, lay off v v^ equal to the greatest 
unbalanced weight, which under any 
circumstances is concentrated at its lower 
extremity. This weight is sustained by 
the longitudinal resistance of the floor- 
ing, and the tension of the stay. The 
stresses induced hi the stay and flooring 
by the weight, are found by drawing 
from Vj and v^ the lines v^o and v^o par- 
allel respectively to the stay and the 
flooring. Then v^o is the tension of the 
stay, and that of the other stays may be 
found in a similar manner. 

It is impossible to determine with the 
same certainty how the stress ov^ paral- 
lel to the flooring is sustained. It may 
be sustained entirely by the compression 
it produces in the part of the flooring 
between the weight and the tower or the 
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abutment; or it maybe sustained by the 
tension produced in the flooring at the 
left of the weight; or the stress ov^ may 
be divided in any manner between these 
two parts of the flooring, so that v,v/ 
may represent the tension at the left, 
and ov/ the compression at the right of 
the weight. It appears most probable 
that the induced stress is borne in the 
case before us by the compression of the 
flooring at the right, for the flooring is 
ill suited to bear tension both from the 
slip joints of the iron work and the want 
of other secure longitudinal fastenings; 
but on the contrary it is well designed 
to resist compression. The flooring 
must then be able at the tower to resist 
the sum of the compressions produced by 
all the unbalanced weights which can 
be at once concentrated at the extremi- 
ties of the nineteen stays. 

There is one considerable element of 
stiffness which has not been taken account 
of in this treatment of the stays, which 
flerves very materially to diminish the max- 
imum stresses to which they might other- 
wise be subjected. This is the intrinsic 
stiffness of the cable itself which is formed 
of seven equal subsidiary cables formed 
into a single cable, by placing six of 
them around the seventh central cable, 
and enclosing the whole by a substantial 
wrapping of vrire, so that the entire 
cable having a diameter of 12 J inches, 
affords a resistance to bending of from 
one sixth to one half that of a hollow 
cylinder of the same diameter and equal 
cross section of metal. Which of these 
fractions to adopt depends somewhat 
on the tightness and stiffness of the 
wrapping. 

It is this intrinsic stiffness of the cable 
which is largely depended upon in the cen- 
tral part of the bridge, between the two 
longest stays, to resist the distortion 
caused by unbalanced weights. 

As might be foreseen the distortions 
are actually much greater in the central 
part of the bridge than elsewhere, though 
they would have been by far the greater 
in those parts of the bridge where the 
stays are, had the stays not been used. 

The center of a cable is comparatively 
stable while it is undergoing quite con- 
siderable oscillations, as may be readily 
seen by a simple experiment with a rope 
or chain. 

Let us now determine the relative 



amount of the stresses in the stiffening 
truss, on the supposition that the actual 
stresses are some unknown fraction of 
the stresses which would be induced, if 
there were no stays, and the truss Tvas 
the only means of stiffening the cable. 
We, therefore, have to determine only 
the total stresses, supposing there are no 
stays, and then divide each stress ob- 
tained by n (at present unknown) to ob- 
tain the results required. Let us draw 
the equilibrium polygon d which is due 
to a uniform load of depth xy, and which 
has a deflection bd six times the central 
deflection of the cable. The loading of 
the cable is so nearly uniform, that each 
of the ordinates of the type bd, may be 
considered with sufficient accuracy to be 
six times the corresponding ordinate of 
the cable. Any multiple other than six 
might have been u«ed with the same 
facility. In order to cause the polygon 
to have the required deflection with any 
assumed pole distance it is necessary to 
assume the scale of weights in a particu- 
lar manner, which may be determined 
easily in several ways. Let us find it 
thus : 

Let TF==one of the concentrated weights. 

Let 2>= central deflection of cable. 

Let AS'=span of the bridge 

Let -3/= central bending moment due to 
the applied weights. 

Then, if the pole distance =JS^, M=iS 
X62>=2/S'Z>, for the moment is the pro- 
duct of the pole distance by the ordinate 
of the equilibrium polygon. Again, com- 
puting the central moment from the ap- 
plied forces, 

in which the first term of the right hand 
member is moment of the resistance of 
the piers, and the second term is the mo- 
ment of the concentrated weights applied 
at their center of gravity. 

Hence, if one-third of the span is to 
represent the pole distance or true hori- 
zontal tension of an equilibrium curve 
having six times the deflection of the 
cable, each concentrated weight when 
the span is divided into twelve equal 
parts, is represented by a length equal to 
\ of the deflection of the cable. The 
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true horizontal tension of the cable will 
be six times that of the equilibrium 
polygon, or it will be represented, in the 
scale used, by a line twice the length of 
the span. Now taking h as the pole, at 
distances J^^=5J/=io, lay off h^'w^=z 
h^lz=i\'W'=\D^ so that they together 
represent the weight concentrated at h; 
and let w^w^-=^ W^ represent the weight 
concentrated at ^3, etc. Then can the 
equilibrium polygon d be constructed by 
making dd^ || bw^, d^d^ || b^o^y etc. If bd 
= 6Z> the polygon must pass through b^ 
and b/, which tests the accuracy of the 
work. 

Now to investigate the effect of an 
unbalanced load covering one-half the 
span, let us take one half the load on the 
right half of the span and place it upon 
its left, so that xz and xb represent the 
relative intensity of the loading upon 
the left and right half of the span re- 
spectively, the total load being the same 
as before. If it is desirable to consider 
that the total load has been increased 
by the unbalanced load we have simply 
to change the scale so that the same 
length of load line as before, (viz, b/w^ 
4- b^io^^) shall represent the total loading. 
This will give a new value to the hori- 
zontal tension also. 

Now let a new equilibrium polygon c be 
drawn, which is due to the new distribu- 
tion of the concentrated weights. It is 
necessary to have the closing line of this 
polygon c horizontal, and this may be ac- 
complished either, by drawing the polygon 
in any position and laying off the ordi- 
nates of the type be equal to those in the 
polygon so drawn, or better as is done 
in this Figure by laying off in each 
weight line that part of the total load 
which is borne by each pier, which is 
readily computed, as follows. The 
distance of the center of gravity of the 
loading divides the span in the ratio of 
17 to 27. Hence H and il of the total 
load are the resistances of the piers, or 
since the total load=ll Wy we have b/u. 
= \^'TFand b^u/=W W. Now make u^ 
i^^=the weight concentrated at b^, etc., 
and b/u^ + b^u^= that at b^. Then draw 
the polygon c. 

The polygon c has the same central 
deflection as the polygon d/ for compute 
as before. 



in which the first term of the second 
member is the moment of the resistance 
of the right pier, and the second term is 
the moment of the concentrated weights 
applied at their center of gravity. 

By similar computations we may prove 
the following equalities; 

dfi^=.d^c='-d;c;--'dlcl ; 

The quantities of the type dc are propor- 
tional to the bending moments which the 
stiffening truss must sustain if it pre- 
serves the cable in its original shape, 
when acted on by an unbalanced load 
of depth bXy on the supposition that the 
truss has hinge joints at its ends, and is 
by them fastened to the piers. For in 
that case the cable is in the condition of 
an arch with hinge joints at its' ends. 
The condition which then holds is this: 



:2{May)^^{M,y) 



or. 



This last is fulfilled as is seen by the 
above equations, for to every product 
such as + 5 c?, X d^c^ corresponds another 
^b^d^Xd^c^ of the same magnitude 
but opposite sign. 

The polygon c could have been ob- 
tained by a second equilibrium polygon 
in a manner precisely like that used be- 
fore, but as it appears useful to show 
the connection between the methods of 
treating the arch rib which is itself stiff, 
and the flexible arch or cable, which is 
stiffened by a separate truss, we have 
departed from our previously employed 
method for determining the polygon c, 
as it is easy to do when both c and d are 
parabolic. 

Now let us compute the bending mo- 
ment 

^d,c,x\S^M^^Ma 

J[fd=V-iV^xAAS=HTf/S 

Compute also the bending moment at 
the vertical through 5^, 

Md=^^i^ Wx iS^ Wx i\S=i WS 
.-. Mc-Ma=iWS 
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Similar computations may be made for 
the remaining points, and this note- 
worthy result will be found true, that 
the bending moments induced in the 
stiffening truss by the assumed loading, 
are the same as would have been induced 
by a positive loading on the left of a 
depth yz, and a negative loading on the 
right of an equal depth yb. For com- 
pute the moments due to such loading 
at the points h^ and h^. 

The resistance of the pier due to such 
loading =iW 

and 
M= iWx^S-iWx ^S= i WS, etc. 

We arrive then at this conception of 
the stresses to which the stiffening truss 
is subjected, viz: — the truss is loaded 
with the applied weights acting down- 
ward, and is drawn upward by a uni- 
formly distributed negative loading, 
whose total amount is equal to the posi- 
tive loading, so that the load actually 
applied at any point may be considered 
to be the algebraic sum of the two loads 
of different signs which are there applied. 
This conception might have been derived 
at once from a consideration of the fact 
that the cable can sustain only a uniform 
load, if it is to retain its shape; but it 
appears useful in several regards to show 
the numerical agreement of this state- 
ment with Prop. IV of which in fact it 
is a particular case. It is unnecessary 
to make a general proof of this agree- 
ment, but instead we will now state a 
proposition respecting stiffening trusses, 
the truth of which is sufficiently evident 
from considerations previously adduced. 

Prop. YI. The stresses induced in the 
stiffening truss of a flexible cable or arch, 
by any loading, is the same as that which 
would be induced in it by the application 
to it of a combined positive and negative 
loading distributed in the following 
manner, viz : the positive loading is the 
actual loading, and the negative loading 
is equal numerically to the positive load- 
ing, but is so distributed as to cause no 
bending moments in the cable or arch, 
i.e., the cable or arch is the equilibrium 
polygon for this negative loading. 



By flexible cable or arch is meant one 
which has hinge joints at the points 
where it supports the stiffening truss. It 
need not actually have hinge joints at 
these points : the condition is sufficiently 
fulfilled if it is considerably more flexi- 
ble than the truss which it supports. 

The truth of Prop. VI has been recog- 
nized by previous writers upon this sub- 
ject in the particular case of the parabolic 
suspension cable, and it has been errone- 
ously applied to the determination of the 
bending moments in the arch rib in gen- 
eral. It is inaccurate for this purpose in 
two particulars, inasmuch as in the first 
place the arch to which it is applied is 
not parabolic, though the negative load- 
ing due to it is assumed to be uniform, 
and in the second place the horizontal 
thrust is not the same for the different 
kinds of arch rib, while this assumes the 
same thrust for all, viz : that arising 
from a flexible arch or one with three or 
more joints. 

A similar proposition has been intro- 
duced into a recent publication on this 
subject* but in that work the truss stiff- 
ens a simple parabolic cable, and the 
truss is not supposed to be fastened to 
the piers, so that it may rise from either 
pier whenever its resistance becomes 
negative. As this should not be permit- 
ted in a practical construction the case 
will not be discussed. In accordance 
with Prop. VI let us determine aiiew 
the bending moments due to an unbal- 
anced load on the left of an intensity 
denoted by bz. As before seen this pro- 
duces the same effect as a positive load- 
ing of an intensity yz=fm=ibz on the 
left, and a negative loading of an inten- 
sity yb=:/n=:^bz. Now using ^ as a pole 
with a pole distance of gf^= one third of 
the span lay off the concentrated weight 
p^p^=ihB,t applied at b^y etc., on the 
same scale as the weights were laid off 
in the previous construction, and in such 
a position that g is opposite the middle 
of the total load, which will cause the 
closing line to be horizontal. Then 
draw the equilibrium polygon a due to 
these weights. The ordinates of the 
type af are by Prop. VI proportional to 
the bending moments induced in the 
stiffening truss by the unbalanced load 
when the truss is simply fastened to the 

• Graphical Statics, A. J. Du Boig, p. 329, published 
by John Wiley & Son, New York. 
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piers at the ends, and, as we have seen, 
each of the quantities q/* is identical with 
the corresponding quantity cd. 

If the stiffening truss is fixed horizon- 
tally at its ends a closing line hh^ must 
be drawn in such a position that 2{M) 
=0, and as it is evident that it must di- 
vide the equilibrium polygon symmetri- 
cally it passes through / its central 
point. 

As stated in a previous article, the 
maximum bending moments at certain 
points of the span are caused when the 
unbalanced load covers somewhat more 
than half of the span. In the case of a 
parabolic cable or arch the maximum 
maximorum bending moment is caused 
when this load extends over two-thirds 
of the span, as is proved by Rankine in 
his Applied Mechanics by an analytic 
process. Let the load extend then over 
all except the right hand third of the 
span with an intensity represented by 
^=g^g/' Then if //^.=iC^/, the 
truss may by Prop. VI be considered to 
sustain a positive load of the intensity 
fiQ» on the left of 6/, and a negative 
load of the intensity f^^g/ on the right 
of b^\ Using g^ as the pole and the 
same pole distance as before, lay off the 
weight g^q^ concentrated at b^, etc., so 
that g^ is opposite the middle of the 
weight line. We thus obtain the equili- 
brium polygon e, in which the ordinates 
of the type ef are proportional to the 
bending moments of the truss under the 
assumed loading, when its ends are sim- 
ply fastened to the piers. 

Now bd was the ordinate of an equili- 
brium polygon having the same horizon- 
tal tension, and under a load of the same 
intensity covering the entire span. It 
will be found that bd^=^lf^e^^ which may 
be stated thus: — the greatest bending 
moment induced in the stiffening truss, 
by an unbalanced load of uniform in- 
tensity is four twenty-sevenths of that 
produced in a simple truss under a load 
of the same intensity covering the entire 
span. This result was obtained by Ran- 
kine analytically. If the truss is fixed 
horizontally at its ends, we must draw a 
closing line Tck\ which fulfills the condi- 
tions before wsed for the straight girder 
fixed at the ends, as discussed previously 
in connection with the St. Louis Arch. 
By the construction of a second equili- 
brium polygon, as there given, we find 



the position of M'; then the ordinates 
he will be proportional to the bending 
moments of the stiffening truss. 
The shearing stress in the truss is obtained 
from the loading which causes the bend- 
ing moment, in the same manner as that 
in any simple truss. The horizontal ten- 
sion in the cable, is the same whenever 
the total load on the span is the same, 
and is not changed by any alteration in 
the distribution of the loading, which 
fact is evident from Prop. VI. The 
maximum tension of the cable is found 
when the live load extends over the 
entire span, and is to be obtained from a 
force polygon which gives for its equili- 
brium polygon the curve of the cable 
itself, as would be done by using the 
weights tOjt/?3, etc., and a pole distance of 
six times ^6^= twice the span. 

The temperature strains of a stiffening 
truss of a suspension bridge are more 
severe than those of the truss stiffening 
an arch, because the total elongation of 
the cable in the side spans as well in the 
main span, is transmitted to the main 
span and produces a defiection at its 
center. This is one reason why stays 
furnish a method of bracing, particularly 
applicable to suspension bridges. But 
supposing that the truss bears part of 
the bending moment due to the elonga- 
tion of the cable, it is evident that when 
the truss is simply fastened to the piers, 
the bending moments so induced are 
proportional to the ordinates of the type 
bd^ for by the elongation of the cable, it 
transfers part of its uniformly distrib- 
uted weight to the truss. 

That load which the cable still sus- 
tains, is uniformly distributed, if the 
cable still remains parabolic, therefore 
that transferred to the truss is uniformly- 
distributed. 

When the truss is fixed horizontally 
at the piers, the closing line of the curve 
d must be changed so that JS'(ilf)=0, 
and the bending moments induced by 
variations of temperature, will be pro- 
portional to the ordinates between the 
curve d and this new closing line. 

It remains only to discuss the stability 

of the towers and anchorage abutments. 

The horizontal force tending to overturn 

the piers comes from a few stays only, 

j as was previously stated, and is of such 

[ small amount that it need not be consid- 

, ered. 
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The weight of the abutment in 
the case before us is almost exactly 
the same as the ultimate strength 
of the cable. Suppose that 8t=8v are 
the lines representing these quantities in 
their position relatively to the abutment. 
Since their resultant sv intersects the 
base beyond the face of the abutment, 
the abutment would tip over before the 
cable could be torn asunder. And since 
the angle vsr is greater than the angle 
of friction between the abutment and 
the ground it stands on, the abutment if 
standing on the surface of the ground, 
would slide before the cable could be 
torn asunder. 

The smallest value which the factor of 
safety for the cable assumes under a 
maximum loading is computed to be six. 
Take sf=^ist as the greatest tension 
ever induced in the cable, then sr^ the 
resultant of sv and st^ cuts the base so 
far within the face that it is apparent 
that the abutment has sufficient stability 
against overturning, and the angle vsr' 
is so much smaller than the least value 
of the angle of friction between the 
abutment and the earth under it, that 
the abutment would not be near the 
point of sliding even if it stood on the 
surface of the ground. It should be 
noticed tha all the suspenders in the 
side span assist in reducing the tension of 
the cable as we approach the abutment, 
and conduce by so much to its stability. 
Also the thrust of the roadway may as- 
sist the stability of the abutment, both 
with respect to overturning and sliding. 

CHAPTER X. 

THE CONTINUOUS GIRDER WITH VARIABLE 

CROSS-SECTION. 

In the foregoing chapters the discussion 
of arches of various kinds has been shown 
to be dependent upon that of the straight 
girder; but as no graphical discussion has, 
up to the present time, been published 
which treats the girder having a variable 
cross- section and moment of inertia, our 
discussion has been limited to the case of 
arches with a constant moment of iner- 
tia. 

Certain remarks were made, however, 
in the first chapter tending to show 
the close approximation of the results 
in case of a constant moment of inertia 
to those obtained when the moment of 
inertia is variable. We, in this chapter. 



propose a new solution of the continuous 
girder in the most general case of varia- 
ble moment of inertia, the girder resting 
on piers having any different heights 
consistent with the limits of elasticity of 
the girder. This solution will verify the 
remarks made, and enable us easily to see 
the manner in which the variation of the 
moment of inertia affects the distribution 
of the bending moments, and by means 
of it the arch rib with variable moment 
of inertia can be treated directly. 

Besides the importance of the con- 
tinuous girder in case it constitutes the 
entire bridge by itself, we may remark 
that the continuous girder is peculiarly 
suited ^o serve as the stiffening truss of 
any arched bridge of several spans in 
which the arches are flexible. Indeed, it 
is the conviction of the writer that the 
stiff arch rib adopted in the construction 
of the St. Louis feridge was a costly mis- 
take, and that, if a metal arch was desir- 
able, a flexible arch rib with stiffening 
truss was far cheaper and in every way 
preferable. 

Let us write the equation of deflections 
in the form 

mnn \nn n / 

in which n is the number by which any 
horizontal dimension of the girder must 
be divided to obtain the corresponding 
dimension in the drawing, n' is the 
divisor by which force must be divided 
to obtain the length by which it is to 
be represented in the drawing, m is an 
arbitrary divisor which enables us to 
use such a pole distance for the second 
equilibrium polygon as may be most 
convenient, I^ is the moment of inertia 
of the girder at any particular cross sec- 
tion assumed as a standard with which 
the values of / at other cross sections 
are compared, and i=Zj,-7-/ is the ratio 
of /„ (the standard moment of inertia), 
to Z (that at any other cross-section). 
For the purpose of demonstrating the 
general properties of girders, the equation 
need not be encumbered with the coeffici- 
ents fnnn\ but for purposes of explaining 
the graphical construction they are very 
useful, and can be at once introduced in- 
to the equation when needed. 
In the equation 
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the quantity D is the deflection of any 
point of the girder below the tangent 
at the point a where the summation be- 
gins, and M is the actual bending mo- 
ment at any point between and a. 
These moments M at any point consist 
in general of three quantities, represented 
in the construction by the positive ordi- 
nate of the equilibrium polygon due to 
the weights, and by the two negative ordi- 
nates of the triangles into which we have 
divided the negative moment area. If 
we distinguish these components of M 
by letting M^ represent that due to the 
weights, while M^ and M^ represent the 
components due to the left and right 
negative areas respectively, the equation 
of deflections becomes 

Now let us take at a pier at one end 
of a span and extend the summation 
over the entire span. 
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If the piers are b and b' as in Fig. 11, 
let us suppose that coincides with b 
and a with b'\ also suppose for the in- 
stant that 7" is constant, so that ^=l at 
all points of the girder. Then we have 

in which Db is the deflection of b below 
the tangent at b\ x^ is the distance of 
the center of gravity of the moment 
area due to the applied weights from b, 

while iCj and x^ are the distances of the 
centers of gravity of the negative areas 
from b. In Fig. 11 let cc^& be the posi- 
tive area due to the weights and repre- 



senting ^l (J/,), while -2'^.(i/;) and JS"^, 

{M^ are represented by hoc' and hh'c'^ 
respectively. Let the center of gravity 
of cc^c' be in qq^^ while the centers of 
the two negative areas are in tr and t'r\ 
Let the height of a triangle on some as- 
sumed base, and equivalent in area to 
cc^c\ be TTg, then by a process like that 
in Fig. 2 it is evident that rr^ and r^r^ 
are the heights of the right and left 
negative triangles, having the assumed 
base, on the supposition that the girder 
is fixed horizontally over the piers. 

Now introducing the constants mmi'^ 
into the last equation and into the equa- 
tion before that, the relation of the quan- 
tities is such that if the moments be ap- 
plied as weights at their centers of 
gravity with the pole distance jt?^=^7-T- 
mn^n\ the equilibrium polygon so obtain- 
ed will be tangent at the piers to the ex- 
aggerated deflection curve obtained when 
the distributed moments are used as 
weights; and the deflection at the pier 
b from the tangent at b' will be the same 
as that of this exaggerated deflection 
curve, and vice versa. 

Let pm=^r^r^, p'm'=zrr^ and pt=p'ty 
then t and t' constitute the pole, p^n and 
p'mf the negative loads, and pm+p'm' 
the positive load. Then is btqt'b' the 
equilibrium polygon for these loads. 
The deflection of b below b't^ vanishes 
as it should in case the girder is fixed 
horizontally over the pier. 

Now let the direction of the tangents 
at the piers be changed so that the 
tangents to the exaggerated deflection 
curve assume the directions bt^ and b't^^ 
Then the load line and force polygon 
assume a new position, such that t^ and t^ 
form the pole, and d7i=^pm and d'n'-=. 
p'mi' comprise the positive load while 
np^ and n'p^ are the new negative loads 
which will cause the equilibrium polygon 
bt^qf^b\ which is due to them, to have 
its sides bt^ and Vt^ in the directions as* 
sumed. 

There are several relations of quanti- 
ties in this figure to which we wish to 
direct attention. It is evident, in 
case / is not constant, that from the 
area cc^c' whose ordinates are propor- 
tional to Ji^, the actual bending mo- 
ments due to the weights, another area 
whose ordinates are proportional to 
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MJiy the effective bending moments, can 
be obtained by simple multiplication, 
since i is known at every point of the 
girder. Moreover, the vertical through 
the center of gravity of this positive 
effective moment area can be as readily 
found as that through the actual positive 
moment area. Call this vertical 'Hhe 
positive center vertical." Again, the 
negative moment areas proportional to 
J/jt and Mji can be found from the tri- 
angular areas proportional to M^ and M^ 
by simple multiplication, and if we pro- 
ceed to find the verticals through their 
centers of gravity we shall obtain the 
same verticals whatever be the magni- 
tude of the negative triangular areas, 
since their vertical ordinates are all 
changed in the same ratio by assuming 
the negative areas differently. Let us 
call these verticals the "left" and 
" right " verticals of the span. In case 
i=l, as in Fig. 11, the left and right 
verxicals divide the span at the one-third 
points. This matter will be treated 
more fiilly in connection with Fig. 13. 

Again, let us call the line tf^ "the 
third closing line." It is seen that, 
whatever may be the various positions 
of the tangent ht^^ the ordinate dn^ be- 
tween the third closing line and t^q^ pro- 
longed, is invariable; for the triangle 
t^qfl is invariable, being dependent on 
the positive load and pole distance alone. 
By similarity of triangles it then follows 
that the ordinate, such as lo\ on any as- 
sumed vertical continues invariable; and 
when there is no negative load at t^^ 
then ht^q^ becomes straight, o' coincides 
with h and n with p^. Similar relations 
hold at the right of q^. The quantity 
dp^ is of the nature of a correction to be 
subtracted from the negative moment 
when the girder is fixed horizontally at 
the piers in order to find the negative 
moment when the tangent assumes a new 
position, for np^=dn'-dp^. The negative 
moments can consequently be found from 
the third closing line and the tangents 
at the piers; while the remaining lines 
q^t^ and q/t/ will test the correctness of 
the work. Before applying these pro- 
perties of the deflection polygon and its 
third closing line to a continuous girder, 
it is necessary to prove a geometrical 
theorem from Fig. 12. 

Let the variable triangle x^/z be such 
that the side xz always passes through 




the fixed point ^, the side xy always 
passes through the fixed point p, and the 
vertices xyz are always in the verticals 
through those points; then by the prop- 
erties of homologous triangles the side 
yz also has a fixed point/* in the straight 
line gp. Furthermore, if there is a point 
2' in the vertical through 2, and in all 
positions of z it is at the same constant 
distance from z, then on the line yz' there 
is a fixed point g' where the vertical 
through / intersects yz'/ for, if z' main- 
tains its distance 22' invariable, then 
must any other point as ^' remain con- 
stantly at the same vertical distance 
from/, as appears from similarity of tri- 
angles. But as f is fixed ^' is also. 
When, for instance, the triangle xyz as- 
sumes the position x^y^z^, then 2' moves 
to 2/. 

Let us now apply the foregoing to the 
discussion of a continuous girder over 
three piers jt>"/?jt?' as shown in Fig. 13, 
in which the lengths of the spans have 
the ratio to each other of 2 to 3. Divide 
the total length of the girder into such a 
number of equal parts or panels, say 15, 
that one division shall fall at the inter- 
mediate pier, and let the number of lines 
in any panel of the type aa represent its 
relative moment of inertia. Assume the 
moment of inertia where there are three 
lines, as at a, a^, etc., as the standard or 
7^, then i=l at a, ^=f at a„ ^=J at a/, 
etc. 

Let the polygons c and c' be those due 
to the weights m the left and right spans 
respectively. Then the ordinates of 
the type be are proportional to M^ in the 
left span. The figure bc^c'c'c'c^c^c^c^ 
h^ is the positive effective moment area 
in the left span, and its ordinates are 
proportional to MJ>. Its center of gravi- 
ty has been found, by an equilibrium 
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polygon not drawn, to lie in the positive 
center vertical qq^, A similar positive 
effective moment area on the right has 
its center of gravity in the positive cen- 
ter vertical q qj. 

Now assume any negative area, as 
that included between the lines b and d, 
and draw the lines hb^ and hb^', dividing 
the negative area in each span into right 
and left triangular areas. Let the quan- 
tities of the type hb be proportional to 
J!f„ hd to if,, h'b' to Jf/, etc., then the 
ordinates of bbfi^'b/b/b^b^b^^b^h are pro- 
portional to -3/ji, and the center of gravi- 
ty of this area has been found to lie in 
the right negative vertical t^r^. Similar- 
ly, the left negative vertical containing 
the center of gravity of the left negative 
effective moments, is t^r^. In the right 
span t/r/ and ^^V/ are the left and right 
verticals. As before stated, these verti- 
cals would not be changed in position 
by changing the position in any manner 
whatever of the line d by which the 
negative moments were assumed, for 
such change of position would change 
all the ordinates in the same ratio. 

Let us find also the vertical containing 
the center of gravity of the effective 
moment area, corresponding to the actual 
moment area bjib^\ It is found by a 
polygon not drawn to be vo. Call vo 
^*the negative center vertical." It is 
unchanged by moving the line d. If a 



polygon be dr^wn due to the effective 
moments as loads, two of its sides must 
intersect on vo^ because it contains the 
center of gravity of contiguous loads. 
Now let rr^ represent 2{Mj) : — ^it is in 
fact one eighth of the sum of the ordi- 
nates &iC,-f-6jC/, etc., and hence is the 
height of a triangle having a base=^5^g, 
and an area equal to the effective mo- 
ment area in the left span. Also rV/ is 
the height of a triangle having the same 
base, and an area equal to the effective 
moment area in the right span. 

As previously explained, ar, is the 
amount of the right negative effective 
moment area in the left span, measured 
in the same manner, while sr is that on 
the left when the girder is fixed horizon- 
tally at the piers. We obtain ^V/ and 
s'r' in the right span, in a similar manner. 
Now assume the arbitrary divisor m=l, 
and take the pole distance r,nj=JST^-5- 
n^n'. Then as seen previously, if mn j = «^„ 
ou is the constant intercept on the nega- 
tive center vertical, between the third 
closing line in the left span, and a side 
of the type qt. Also ou' is a similar 
constant intercept on this vertical due 
to the right span. Make T^^^=r^n^ and 
njm^^^ar^ then Ib^ is a similar invariable 
intercept; as is Z'6/, which is obtained 
in a similar manner. 

Now the negative center vertical ov 
was obtained from the triangle bjib^^ i,e. 
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on the supposition that the actaal mo- 
ment over the pier is the same whether 
it be determined from the left or right 
of the pier. It is evident that while the 
girder is fixed horizontally at the inter- 
mediate pier, the moment at that pier is 
generally different on the two sides, at 
points infinitesimally near to it, bat that 
when the constraint is removed an equali- 
zation takes place. 

Since ou and ou' are derived from 
the positive effective moments, it appears 
that when the tangent at p is in sach a 
position that the two third closing lines 
mtercept a distance tiu' on ov and the 
two lines of the type qt when prolonged 
intersect on ov, the moments over the 
pier will have become equalized. 

We propose to determine the position 
of the tangent at p which will cause this 
to be true, by finding the proper position 
of the third closing lines in the two spans. 

Move the invariable intercepts to a 
more convenient position, by making 
o^z=oUy and o^z'=.ou\ Kow by making 
the arbitrary divisor m==l, as we did, 
the ordinates of the deflection polygon 
became simply J9, Le.^ they are of the 
same size in the drawing as in the girder, 
hence the difference of level of p\ x> and 
p' must be made of the actual size. By 
changing m this can be increased or 
diminished at will. 

Xow we propose to determine two 
fixed points g and g\ through which the 
third closing line in the left span must 
pass, and similarly g^" and g* on the 
right. 

If the girder is free at jt?" then as shown 
in connection with Fig. 11, the third 
closing line must pass through g^ if ^/)*= 
Ih^, Draw gz as a tentative position of 
the third closing line, and complete the 
triangle xy'z as in Fig. 12. 

Then is jcy' the tentative position of 
the tangent at jt?, and since the third clos- 
ing line in the right span must pass 
through i/', and make an intercept on 
the negative center vertical equal to iai\ 
then zy' is its corresponding tentative 
position. But wherever gz may be 
drawn, every line making an intercept 
=.ui(! and intersecting t^ r/ in such a 
manner that the tangent passes through 
p must pass through the fixed point g' y 
found as described in Fig. 12. There- 
fore the third closing line in the right 
span passes through g\ Similarly, if 



there were more spans still at the right 
of these, we should use g^ for the deter- 
mination of another fixed point, as we 
have used g to determine it. 

Now find ^"' and g' precisely as g and 
g* have been found, and draw the third 
closing lines tjt^ and t^t^. If tf^' passes 
through p the construction is accurate. 
Make ww'=t?w'', then is n,pi^ the nega- 
tive effective moment at the left, and 
n^m^ that at the right of the pier. 

Let hw be the effective moment area 
corresponding to the triangle hhh^^ and 
measured in the same manner as the 
positive area was, by taking one eighth 
of its ordinates, and let hw^=^n^m^\ then 
as the effective moment hvy is to the 
actual moment hh corresponding to it, so 
is the effective moment hw^ or n^m^ to 
the actual moment hh corresponding to 
it. The same moment hh is also found 
from nlm^y by an analogous construc- 
tion at the right of 6, which tests the ac- 
curacy of the work. 

Several other tests remain which we 
will briefly mention. 

Prolong p"t^ to q^ and p't^ to q\ then 
qt^ and q^t^ must intersect on the nega- 
tive center vertical at o^ so that o^v"=^ 
ou'\ Also vv' must be equal to \iv\ 
Again ty passes through /", and t^v 
through y. Also yo^ intersects qo^ on 
the fixed vertical y^'^ at e, and y^o^ inter- 
sects q'o^ on the fixed vertical f^g' at e\ 
That these must be so is evident from a 
consideration of what occurs during a 
supposed revolution of the tangent t^t/, 
to the position xy'. 

Now having determined the moment 
bk over the pier, kb^ and A;5/ are the 
true closing lines of the moment poly- 
gons G and c\ Call these closing 
lines k, then the ordinates of the 
type kc will represent the bending mo- 
ments at different points of the girder. 
The points of the contra flexure are at 
the points where the closing lines inter- 
sect the polygons c and c\ The direc- 
tions of the closing lines will permit at 
once the determination of the resistances 
at the piers and the shearing stresses at 
any point. 

The particular difference between the 
construction in case of constant and of 
variable moment of inertia, is seen to be 
in the positions of the center verticals 
positive and negative, and the right and 
left verticals. 
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The small change in their position due 
to the variation in the moment of inertia, 
is the justification of the remarks previ- 
ously made respecting the close approxi- 
mation of the two cases. 

It is seen that the process here devel- 
oped can be applied with equal facility 
to a girder with any number of spans. 
Also if the moment of inertia varies con- 
tinuously instead of suddenly, as assumed 
in Fig. 13, the panels can be taken short 
enough to approximate with any re- 
quired degree of accuracy to this case. 

CHAPTER XI. 

THB THEOREM OF THBEE MOMENTS. 

The precediDg construction has been 
in reality founded on the theorem of 
three moments, but when the equation 
expressmg that theorem is written in 
the usual manner, the relationship is 
difficult to see. Indeed the equation as 
given by Weyrauch* for the girder hav- 
ing a variable moment of inertia, is of so 
complicated a nature that it may be 
thought hopeless to attempt to associate 
mechanical ideas with the terms of the 
equation, in any clearly defined relation- 
ship. We propose to derive and express 
the equation in a novel manner, which 
will at once be easy to understand, and 
not difficult of interpretation in connec- 
tion with the preceding construction. 

Let us assume the general equation of 
deflections in the form. 

D=2{Mx-i'BI)y or D.JSI^=2{Mix) 

in which I is the variable moment of 
inertia, J^ some particular value of jT as- 
sumed as the standard of comparison, 
i=Z^-T-/, and 05 is measured horizontally 
from the point as origin, where the de- 
flection D is taken to the point of appli- 
cation of the actual bending moment M, 
The quantity Mi is called the effective 
bending moment, and the deflection J) 
is the length of the perpendicular from 
the origin to the line tangent to the de- 
flection curve at point to which the sum- 
mation is extended. 

Now consider two contiguous spans 
of a continuous girder of several spans, 
and let acb denote the piers, c being the 
intermediate pier. Let the span ac=l 

and bc=l\ Take the origin at a and 

f '■■ ■ 

* Allgemeine Theorie und Berechnung der Continair- 
lichen and Binfachen Trager. Jakob I. Weyrauch. 
Leipzig 1878. 



extend the summation to c, calling the 
deflection at a, Da* When the origin is 
at b and the summation extends to c, let 
the deflection be Db. Let also ya,yb and 
f/e be the heights of a, b and c respective- 
ly above some datum level. Then, as 
may be readily seen, 

Da = ya — t/e — Itc , 

Db = yh — Vc — l'tc\ 

lite is the .tangent of the acute angle at 
c on the side towards a between the tan- 
gent line of the deflection curve at c 
and the horizontal, and tc' i& the tangent 
of the corresponding acute angle on the 
side of c towards b. 

Now if we consider equation (7) to 
refer to the span ^, the moment M may 
be taken to be made up of three parts, 
viz: — M^ caused by the weights on the 
girder, M^ dependent on the moment 
Mc at c, and M^ dependent on the mo- 
ment Ma at a. The moments in the 
span V may be resolved in a similar man- 
ner. We may then write the equations 
of deflections in the two spans when the 
summation extends over each entire span 
as follows: 

^X{M,ix) (8) 

-2l{M/rx')--2l{M/i'x') (9) 

in which x is measured from a, and a' 
from b towards c. Now if the girder is 
originally straight, te = — tc\ hence 
we can combine these two equations so 
as to eliminate tc and tc^ and the result- 
ing equation will express a relationship 
between the heights of the piers, the 
bending moments (positive and negative), 
their points of application and the mo- 
ments of inertia; of which quantities the 
negative bending moments are alone un- 
known. The equation we should thus 
obtain would be the general equation 
of which the ordinary expression of the 
theorem of three moments is a particular 
case. Before we write this general 
equation it is desirable to introduce cer- 
tain modifications of form which do not 
diminish its generality. Suppose that 

then is x^ the distance from a to the cen- 
ter of gravity of the negative effective 
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moment area next to c. As was shown 
in connection with Fig. 13, the position 
of this center of gravity is independent 
of the magnitude of M^ or Me and may 
be foand from the equation, 



/:■ 



ix^dx 



X, 



/a 
ixdx 



(10) 



for M^ is proportional to x. Similarly 
it may be snown that 



«a- 



Ji{}—x)dx 



(11) 



is the distance of the center of gravity 
of the negative effective moment area 
next to a. 
Again, suppose that 

then is i^ an average value of i for the 
negative effective moment area next to 
c, which is likewise independent of the 
magnitude of Jf^, as appears from reason- 
ing like that just adduced respecting x^. 
Hence \ may be found from the equation 



r 



ixdx 






/•a • 

J xdx 

Similarly it may be shown that 

y i{l—x)dx 



(12) 



^„= 



/"(;-«)<?; 



(13) 



X 



in which \ is the average value of i for 
the negative effective moment area next 
to a. 

The integrals in equations (10), (11), 
(12), (13), and in others like them refer- 
ring to the span l\ which contain i must 
be integrated differently, in case i is dis- 
continuous, as it usually is in a truss, 
from the case where i varies continuous- 
ly. When i is discontinuous the integral 
extending from c to a must be separated 
into the sum of several integrals, each of 
which must extend over that portion of 
the span I in which i varies continuously. 

Furthermore we have 

2'c{M;)=^MJ. . . (14) 
since each member of this equation rep- 



resents the negative actual moment area 
next to c in the span L 
Similarly, we have the equations 

If there is no constraint at the pier 
then must M^ = M^. 

Now making the substitutions in equa- 
tions (8) and (9), which have been indi- 
cated in the developments just com- 
pleted, and then eliminating U and tc't 



EI. 



S va-yc Vh-vc 



I 



V 



\J'Ax{m:^- 



Wi ' 



V 



:^, ( Jf/) =i[ilfaS.^ + M, (^,^\ + 5/e/) 

-f-JIfti/V] • . • (15) 

in which "5^ is the distance from a of the 
center of gravity of the positive effect- 
ive moment area due to the weights in 
the span l^ and "i/ is a similar distance 
from b in the span l\ while \ and i^ are 
average values of i for these areas de- 
rived from the equations in each span, 

«>:s(iif.i)-:2(jf.). 

It may frequently be best to leave the 
expressions containing the positive mo- 
ments in their original form as expressed 
in equations (8) and (9). 

Equation (15) expresses the theorem of 
three moments in its most general form. 

Let us now derive from equation (15), 
the ordinary equation expressing the 
theorem of three moments, for a girder 
having a constant cross section. In this 
case i=l, and we wish to find the value 
of the term ^{M^ in each span. Let 
M^ be caused by several weights P ap- 
plied at distances z from a, then the mo- 
ment due to a single weight P at its 
point of application is 

Mz = i^(;-2)-4-;, 

which may be taken as the height of the 
triangular moment area whose base is I 
which is caused by P. This triangle 
whose area is \Mji is the component of 
^( Jf J due to P and can be applied as a 
concentrated bending moment at its cen- 
ter of gravity at a distance x from a. 

Now aj=^(/-f2), and taking all the 
weights P at once 

2''(JJr,a!)=i2»[P(r-3')3]. 

Also in equation (15) we have in this 
case 
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^ =H 5,=§?, ;/=jr, v=F 

= Mal+2Mc{l-hr)+Mi,y . (16) 

Equation (16) then expresses the the- 
orem of three moments for a girder hav- 
ing a constant moment of inertia /, and 
deflected by weights applied in the span 
I at distances z from a, and also by 
weights in the span F at distances z' from 
b. 

Let as also take the particular case of 
equation (16) when the moment of inertia 
is invariable and the piers on a level; then 
e=l, and if we let A^ and A/ be the 
positive moment areas due to the weights 
we have 



6 






. . (17) 

This form of the equation of three mo- 
ments was first given by Greene.* 

The advantage to be derived in discus- 
sing this theorem in terms of the bending 
moments, instead .of the applied weights 
is evident both in the analytical and the 
graphical treatment. The extreme com- 
plexity of the ordinarv formulae arises 
from their being obtained in terms of 
the weights. 

In order to complete the analytic solu- 
tion of the continuous girder in the gen- 
eral case of equation , (16), it is only 
necessary to use the well known equa- 
tions, 

M=M'c+ScZ^-K{Pz,) . . (18) 
Sc=jlMa-Mc+i:U^z)] . . (19) 

/S/= J- [M^^Mc+Sl {Pz') ] . (20) 

Ec^8c-¥Sc' (21) 

S^Sc-KiP) (22) 

In (18) ilf is the bending moment at 
any point O in the span /, 8c is the shear 
at c due to the weights in the span /, 
and z^ is the distance from towards c 
of the applied forces P and 8c in the seg- 
ment Oc, 

* Graphical Method for the AnalyBis of Bridge TroBsee. 
Chas. B. Greene. Published by I>. Van Nostrand. New 
York, 1875. 



Equation (19) is derived from (18) by 
taking at a, and (20) is obtained simi- 
larly in the span V. He is the reaction 
of the pier at c. 8 is the shear at in 
the span I. These equations also com- 
plete the solution of the cases treated in 
(16) and (17). 

CHAPTER Xn. 

THE FLEXIBLE ABCH MB XSTb STIFFENING 

TBITSB. 

Whenever the moment of inertia of 
an arch rib is so small, that it cannot 
afford a sufficient resistance to hold in 
equilibrium the bending moments due 
to the weights, it may be termed a flexi- 
ble rib. ^ 

It must have a sufficient cross section 
to resist the compression directly along 
the rib, *but needs to be stiffened by a 
truss, which will most conveniently be 
made straight and horizontal. The rib 
mav have a large number of hinge joints 
which must be rigidly connected with 
the truss, usually by vertical parts. It 
is then perfectly flexible. 

If, however, the rib be continuous 
without joints, or have blockwork joints, 
it may nevertheless be treated as if per- 
fectly flexible, as this supposition will 
be approximately correct and on the side 
of safety, for the bending moments in- 
duced in the truss will be very nearlv as 
great as if the rib were perfectly flexible, 
in- case the same weight would cause a 
much greater deflection in the rib than 
in the truss. It will be sufficient to 
describe the construction for the flexible 
rib without a figure, as the construction 
can afford no difficulties after the con- 
structions already given have been mas- 
tered. 

Lay off on some assumed scale the 
applied weights as a load line, and let 
us call this vertical load line tow'. 
Divide the span into some convenient 
number of equal parts by verticals, 
which will divide the curve a of the rib 
into segments. From some point 5 as a 
pole draw a pencil of rays parallel to the 
segments of a, and across this pencil 
draw a vertical line uu'y at such a dis- 
tance from b that the distance uu' be- 
tween the extreme rays of the pencil is 
equal to wuo'. Then the segments of 
uu' made by the rays of the pencil are 
the loads which the arch rib would sus- 
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tain in virtue of its being an eqailibrium 
polygon, and they would induce no bend- 
ing moments if applied to the arch. 
The actual loads in general are different- 
ly distributed. By Prop. VI the bending 
moments induced in the truss are those 
due to the difference between the weight 
actually resting on the arch at each 
point, and the weight of the same total 
amount distributed as shown by the 
segments of the line uu'. 

Now lay off a load line 'O'o' made up 
of weights which are these differences 
of the segments of uu' and viw\ taking 
care to observe the signs of these dif 
ferences. The algebraic sum of all the 
weights w' vanishes when the weights 
which rest on the piers are included, as 
appears from inspection of the construc- 
tion in the lower part of Fig. 10. The 
construction above described will differ 
from that in Fig. 10 in one particular. 
The rib will not in general be parabolic, 
and the loads which it will sustain in 
virtue of its being an equilibrium poly- 
gon will not be uniformly distributed, 
hence the differences which are found as 
the loading of the stiffening truss do 
not generally constitute a uniformly 
distributed load. 

The horizontal thrust of the arch is 
the distance of uu' from }> measured on 
the scale on which the loads are laid off, 
and the thrust along the arch at any 
point is length of the corresponding ray 
of the pencil between h and uu'. These 
thrusts depend only on the total weight 
sustained, while the bending moments 
of the stiffening truss depend on the 
manner in which it is distributed, and 
on the shape of the arch. 

Having determined thus the weights 
applied to the stiffening truss, it is to be 
treated as a straight girder, by methods 
previously explained according to the 
way in which it is supported at the 
piers. 

The effect of variations of temperature 
is to make the crown of the arch rise 
and fall by an amount which can be 
readily determined with sufficient exact- 
ness, (see Rankine's Applied Mechanics 
Art. 169). This rise or fall of the arch 
produces bending moments in the stiffen- 
ing truss, which is fastened to the tops 
of the piers, which are the same as would 
be produced by a positive or negative 
loading, causing the same deflection at 



the center and distributed in the same 
manner as the segments of uu'\ for it 
is such a distribution of loads or pres- 
sures which the rib can sustain or pro- 
duce. A similar set of moments can be 
induced in the stiffening truss by length- 
ening the posts between the rib and 
truss. 

When this deflection and the value of 
EI in the truss are known, these mo- 
ments can be at once constructed by 
methods like those already employed. 
A judicious amount of cambering of this 
kind is of great use in giving the struc- 
ture what may be called "initial stiff- 
ness." The St. Louis Arch is wanting in 
initial stiffness to such an extent that 
the weight of a single person is sufficient 
to cause a considerable tremor over an 
entire span. This would not have been 
possible had the bridge consisted of an 
arch stiffened by a truss which was an- 
chored to the piers in such a state of 
bending tension as to exert considerable 
pressure upon the arch. This tension of 
the truss would be relieved to some ex- 
tent during the passage of a live load. 

The arch rib with stiffening truss, is a 
form of which many wooden bridges 
were erected in Pennsylvania in the 
earlier days of American railroad build- 
ing, but its theory does not seem to have 
been well understood by all who erected 
them, as the stiffening truss was itself 
usually made strong enough to bear the 
applied weights, and the arch was added 
for additional security and stiffness, 
while instead of anchoring the truss to 
the piers and causing it to exert a pres- 
sure on the arch, a far different distribu- 
tion of pressures was adopted. Quite a 
number of bridges of this pattern are 
figured by Haupt* from the designs of 
the builders, but most of them show by 
the manner of bracing near the piers 
that the engineers who designed them 
did not know how to take advantage of 
the peculiarities of this combination. 
This further appears from the fact, that 
the trussing is not usually continuous. 

A good example, however, of this 
combination constructed on correct prin- 
ciples is very fully described by Haupt 
on pages 169 €^ seq, of his treatise. It 
is a wooden bridge over the Susquehanna 
River, 5^ miles from Harrisburg on the 

• Theory of Bridge Conitrnction. Herman Haapt, A.M. 
New York. 1868. 
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Pennsylvania Railroad, and was designed 
by Haapt. It consists of twenty-three 
spans of 160 feet each from center to 
center of piers. The arches have each 
a span of 149^ feet and a rise of 20 
ft. 10 in., and are stiffened by a Howe 
Truss which is continuous over the 
piers and fastened to them. It was 
erected in 1849. Those parts which were 
protected from the weather have re- 
mained intact, while other parts have 
been replaced, as often as they have de- 
cayed, by pieces of the original dimen- 
sions. This bridge, though not designed 
for the heavy traffic of these days, still 
stands after twenty-eight years of use, a 
proof of the real value of this kind of 
combination in bridge building. 

CHAPTER XIII. 

THB ABCH OF MASONBY. 

Arches of stone and brick have joints 
which are stiff up to a certain limit 
beyond which they are unstable. The 
loading and shape of the arch must be so 
adjusted to each other that this limit 
shall not be exceeded. This will appear 
in the course of the ensuing discussion. 



Let us take for discussion the brick 
arch erected by Brunei near Maidenhead 
England, to serve as a railway viaduct. 

It is in the form of an elliptic ring, as 
represented in Pig. 14, having a span of 
128 ft. with a rise of 24 J feet. The 
thickness of the ring at the crown is 5j 
ft., while at the pier the horizontal thick- 
ness is 7 ft. 2 inches. 

Divide the span into an even number 
of equal parts of the type bby and with a 
radius of half the span describe the 
semicircle gg. Let 5a =24 J ft. be the 
rise of the intrados, and from any con- 
venient point on the line bh as h^ draw 
lines to a and g. These lines will enable 
us to find the ordinates ba of the ellipse 
of the intrados from the ordinates bg of 
the circle, by decreasing the latter in the 
ratio of bg to ba. For example, draw a 
horizontal through g^ cutting b^ at i^y 
then a vertical through ^„ cutting b^a at 
7*3, then will a horizontal through j^ cut 
off ajb^ the ordinate of the ellipse corre- 
sponding to b^^ in the circle, as appears 
from known properties of the ellipse. 

Similarly let 6j'=64 ft. + 7 ft. 2 in., 
and with bq as radius describe a semicir- 
cle. Let M=24j ft. -f- 6i ft. be the rise 
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of the extrados, and from any convenient 
point on bb^ as bj draw lines to d and q. 
These will enable us to find the ordinates 
bd of the ellipse of the extrados, from 
those of the circle, by decreasing the 
latter in the ratio of bq to bd. By this 
means, as many points as may be desired, 
can be found upon the ihtrados and ex- 
trados; and these curves may then be 
drawn with a curved ruler. We can use 
the arch ring so obtained for our con- 
struction, or multiply the ordinates by 
any convenient number, in case the arch 
is too flat for convenient work. Indeed 
we can use the semicircular ring itself if 
desirable. We shall in this construction 
employ the arch ring ad which has just 
been obtained. 

We shall suppose that the material of 
the surcharge between the extrados and 
a horizontal line tangent at d causes by 
its wei^t a vertical pressure upon the 
arch. That this assumption is nearly 
correct in case this part of the masonry is 
made in the usual manner, cannot well be 
doubted, Rankine, however, in his Ap- 
plied Mechanics assumes that the press- 
ures are of an amount and in a direction 
due to the conjugate stresses of an homo- 
geneous, elastic material, or of a material 
which like earth has an angle of slope due 
to internal friction. While this is a cor- 
rect assumption, in case of the arch of a 
tunnel sustaining earth, it is incorrect 
for the case in hand, for the masonry of 
the surcharge needs only a vertical resist- 
ance to support it, and will of itself pro- 
duce no active thrust, having a horizon- 
tal component. 

This is further evident from Moseley's 
principle of least resistance, which is 
stated and proved by Rankine in the 
following terms: 

^'If the forces which balance each 
other in or upon a given body or struc- 
ture, be distinguished into two systems, 
called respectively, active and passive, 
which stand to each other in the rela- 
tion of cause and effect, then will the 
passive forces be the least which are 
capable of balancing the active forces, 
consistently with the physical condition 
of the body or structure. 

For the passive forces being caused by 
the application of the active forces to 
the body or structure, will not increase 
after the active forces have been balanced 



by them; and will, therefore, not increase 
beyond the least amount capable of bal- 
ancing the active forces." 

A surcharge of masonry can be sus- 
tained by vertical resistance alone, and 
therefore will exert of itself a pressure 
in no other direction upon the bauncbes 
of the arch. Nevertheless this surcharge 
Will afford a resistance to horizontal 
pressure if produced by the arcb itself. 
So that when we assume the pressures 
due to the surcharge to be vertical alone, 
we are assuming that the arch does not 
avail itself of one element of stability 
which may possibly be employed, but 
which the engineer will hesitate to rely 
upon, by reason of the inferior character 
of the masonry usually found in the sur- 
charge. The difficulty is usually avoided, 
as in that beautiful structure, the Liondoiz 
Bridge, by forming a reversed arch over 
the piers which can exert any needed 
horizontal pressure upon the haunches. 
This in effect increases by so much the 
thickness of the arch ring at and near 
the piers. 

The pressure of earth will be treated 
in connection with the construction for 
the Retaining Wall. On combining the 
pressures there obtained with the weight, 
the load which a tunnel arch sustams, 
may be at once found, after which the 
equilibrium polygon may be drawn and 
a construction executed, similar in its 
general features to that about to be em- 
ployed in the case before us. 

Let us assume that the arch is loaded 
with a live load extending over the left 
half of the span, and having an intensity 
which when reduced to masonry of the 
same specific gravity as that of which 
the viaduct is huilt, would add a depth 
d/ to the surcharge. Now if the number 
of parts into which the span is divided 
be considerable, the weights which may 
be supposed to be concentrated at the 
points of division vary very approximately 
as the quantities of the type a/. This 
approximation will be found to be suffi- 
ciently exact for ordinary cases; but 
should it be desired to make the con- 
struction exact, and also to take account 
of the effect of the obliquity of the joints 
in the arch ring, the reader will find the 
method for obtaining the centers of 
gravity, and constructing the weights, in 
Woodbury's Treatise on the Stability of 
the Arch pp. 405 et seq, in which is 
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given Poncelet's graphical solution of 
the arch. 

With any convenient pole distance, as 
one half the span, lay off the weights. 
We have used b as the pole and made 
b^w^ = i the weight at the crown = 
i {af+ad) = b/w^ , w^w^ = aj^, w^w^ = 
^a/a? etc. Several of the weights near 
the ends of the span are omitted in the 
Figure; viz., w^w y etc. From the force 
polygon so obtamed, draw the equili- 
brium polygon c as previously explained. 

The equilibrium polygon which ex- 
presses the real relations between the 
loading and the thrust along the arch, is 
evidently one whose ordinates are pro- 
portional to the ordinates of the polygon 

It has been shown by Rankine, Wood- 
bury and others, that for perfect stability, 
— ^^e, in case no joint of the arch begins 
to open, and every joint bears over its 
entire surface, — that the point of appli- 
cation of the resultant pressure must 
everywhere fall within the middle third 
of the arch ring. For if at any joint the 
pressure reaches the limit zero, at the 
intrados or extrados, and uniformly in- 
creases to the edge farthest from that, 
the resultant pressure is applied at one 
third of the depth of the joint from the 
farther edge. 

The locus of this point of application 
of the resultant pressure has been called 
the " curve of pressure," and is evidently 
the equilibrium curve due to the weights 
and to the actual thrust in the arch. If 
then it be possible to use such a pole dis- 
tance, and such a position of the pole, 
that the equilibrium polygon can be in- 
scribed within the inner third of the 
thickness of the arch ring, the arch is 
stable. It jnay readily occur that this is 
impossible, but in order to ensure suffi- 
cient stability, no distribution of live 
load should be possible, in which this 
condition is not fulfilled. 

We can assume any three points at 
will, within this inner third, and cause a 
projection of the polygon c to pass 
through them, and then determine by in- 
spection whether the entire projection 
lies within the prescribed limits. In 
order to so assume the points that a new 
trial may most likely be unnecessary, we 
take note of the well known fact, that 
in arches of this character, the curve of 
pressure is likely to fall without the pre- 



scribed limits near the crown and near 
the haunches. Let us assume e at the 
middle of the crown, c/ at the middle of 
d^d^y and e^ near the lower limit on a^c?^. 
This last is taken near the lower limit, 
because the curvature of the left half of 
the polygon is more considerable than 
the other, and so at some point between 
it and the crown it may possibly rise to 
the upper limit. The same consideration 
would have induced us to raise c/ to the 
upper limit, were it not likely that such 
a procedure would cause the polygon to 
rise above the upper limit on the right 
of «/. 

Draw the closing line kh through efi^^ 
and the corresponding closing line hh 
through c^c/, and decrease all the ordi- 
nates of the type he in the ratio of hh to 
ke^ by help of the lines bn and bl^ in a 
manner like that previously explained. 
For example h^c^-^-n^o^y and l^o^^k^e^. 
By this means we obtain the polygon e 
which is found to lie within the required 
limits. The arch is then stable: but is 
the polygon e the actual curve of 
pressures? Might not a different as- 
sumption respecting the three points 
through which it is to pass lead to a dif- 
ferent polygon, which would also lie 
within the limits ? It certainly might. 
Which of all the possible curves of pres- 
sure fulfilling the required condition, is 
to be chosen, is determined by Moseley's 
principle of least resistance, which ap- 
plied to the case in hand, would oblige 
us to choose that curve of all those lying 
within the required limits, which has the 
least horizontal thrust, Le, the smallest 
pole distance. It appears necessary to 
direct particular attention to this, as a 
recent publication on this subject asserts 
that? the true pressure line is that which 
approaches nearest to the middle of the 
arch ring, so that the pressure on the 
most compressed joint edge is a mini- 
mum; a statement at variance with the 
theorem of least resistance as proved by 
Rankine. 

Now to find the particular curve which 
has the least pole distance, it is evidently 
necessary that the curve should have its 
ordinates as large as possible. This may 
be accomplished very exactly, thus: 
above e^ where the polygon approaches 
the upper limit more closely than at any 
other point near the crown, assume a new 
position of e^ at the upper limit; and be- 
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low e' where it approaches the lower 
limit most nearly on the right, assume a 
new position of e' at the lower limit. 
At the left e^ may be retained. Now on 
passing the polygon through these points 
it will fulfill the second condition, which 
is imposed by the principle of least resist- 
ance. 

A more direct method for making the 
polygon fulfill the required condition 
will be given in Fig. 18. ^ 

It is seen in the case before us, the 
changes are so minute that it is useless 
to find this new position of the polygon, 
and its horizontal thrust. The thrust ob- 
tained from the polygon e in its present 
position is sufficiently exact. The hori- 
zontal thrust in this case is found from 
the lines hn and hi. Since 2t;t;, is the 
horizontal thrust, i.e. pole distance of the 
polygon e, ^vv^ is the horizontal thrust 
of the polygon e. 

By using this pole distance and a pok 
properly placed, we might have drawn 
the polygon e with perhaps greater ac- 
curacy than by the process employed, 
but that being the process employed in 
Figs. 2, 3, etc., we have given this as an 
example of another process. 

The joints in the arch ring should be 
approximately perpendicular to the 
direction of the pressure, ^^6. normal to 
the curve of pressures. 

With regard to what factor of safety 
is proper in structures of this kind, all 
engineers would agree that the material 
at the most exposed edge should never 
be subjected to a pressure greater than 
one fifth of its ultimate strength. Owing 
to the manner in which the pressure is as- 
sumed to be distributed in those foints 
where the point of application of tne re- 
sultant is at one third the depth of the 
joint from the edge, its intensity at this 
edge is double the average intensity of 
the pressure over the entire joint. We 
are then led to the following conclusion, 
that the total horizontal thrust (or pres- 
sure on any joint) when divided by the 
area of the joint where this pressure is 
sustained ought to give a quotient at 
least ten times the ultimate strength of 
the material. The brick viaduct which 
we have treated is remarkable in using 
perhaps the smallest factor of safety in 
any known structure of this class, having 



at the most exposed edge a factor of only 
3^ instead of 5. 

It may be desirable in a case like that 
under consideration, to discass the 
changes occuring during the movement 
of the live load, and that this may be 
effected more readily, it is convenient to 
draw the equilibrium polygons due to 
the live and dead loads separately. The 
latter can be drawn once for all, TV'hile 
the former being due to a uniformly 
distributed load can be obtained -with 
facility for different positions of the load. 
The polygon can be at once combined 
into a single polygon by adding the ordi- 
nates of the two together. Care must 
be taken, however, to add together only 
such as have the same pole distance. In 
case the construction which has been 
given should show that the arch is un- 
stable, having no projection of the eqaili- 
brium polygon which can be inscribed 
within the middle third of the arch ring, 
it is possible either to change the shape 
of the arch slightly, or increase its 
thickness, or change the distribution oi 
the loading. The last alternative is 
usually the best one, for the shape has 
been chosen from reasons of utility and 
taste, and the thickness from considera- 
tion of the factor of safety. If the cen- 
ter line of the arch ring (or any other 
line inscribed within the middle third) 
be considered to be an equilibrium poly- 
gon, and from a pole, lines be drawn 
parallel to the segments of this polygon, 
a weight line can be found which will* 
represent the loading needed to make 
the arch stable. If this load line be 
compared with that previously obtained, 
it will be readily seen where a slight 
additional load must be placed, or else a 
hollow place made in the surcharge, 
such as will render the arch stable. In 
general, it may be remarked, that an 
additional load renders the curvature of 
the line of pressures sharper under it, 
while the removal of any load renders 
the curve straighter under it. 

The foregoing construction is unre- 
stricted, and applies to all unsymmetrical 
forms of arches or of loading, or both. 
As^previously mentioned, a similar con- 
struction applies to the case of an arch 
sustaining the pressure of water or earth; 
in that case, however, the load is not ap- 
plied vertically and the weight line be- 
comes a polygon. 
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CHAPTER XIV. 

BBTAINING WALLS AND ABUTMENTS. 

let aa'Vh in Fig. 15 represent .the 
cross section of a wall of masonry which 
retains a bank of earth having a surface 
ctct^. Assume that the portion of the 
i^all and earth under consideration is 
"bounded by two planes parallel to the 
plane of the paper, and at a unit's dis- 
tance from each other: then any plane 
containing the edge of the wall at h^ as 
hcb^^ V^a^, etc., cuts this solid in a longitu- 
dinal section, which is a rectangle having 
a width of one linit, and a length 6a^, fto^, 
etc. 

The resultant of the total pressure 
distributed over any one of these rec- 
tangles of the type oa is applied atjinfii. 
third of that distance from h\ i.e. the re- 
sultant pressure exerted by the earth 
against the rectangle at ba^ is applied at 
a distance of bk=i ha^ from b. 

That the resultant is to be applied at 
this point, is due to the fact that the dis- 
tributed pressure increases uniformly as 



we proceed from any point a of the sur- 
face toward bx the center of pressure is 
then at the point stated, as is well known. 

Again, the direction of the pressures 
against any vertical plane, as that at ba^y 
is parallel to the surface aa^. This fact 
is usually overlooked by those who treat 
this subject, and some arbitrary assump- 
tion is made as to the direction of the 
pressure. 

That the thrust of the earth against 
a vertical plane is parallel to the ground 
surface is proved analytically in Ran- 
kine's Applied Mechanics on page 127; 
which proof may be set forth in an 
elementary manner by considering the 
small parallelepiped mw, whose upper 
and lower surfaces are parallel to the 
ground surface. Since the pressure on 
any plane parallel to the surface of the 
ground is due to the weight of the earth 
above it, the pressure on such a*plane is 
vertical and uniformly distributed. If 
mn were a rigid body, it would be held 
in equilibrium by these vertical pressures, 
which are, therefore, a system of forces 
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in equilibrium; but as mn is not rigid it 
must .be oonfined by pressures distributed 
over each end surface, which last are dis- 
tributed in the same manner on each end, 
because each is at the same depth below 
the surface. Now the vertical pressures 
and end pressures hold mn in equilibrium^ 
they therefore form a system in equili- 
brium. But the vertical pressures are in- 
dependently in equilibrium, therefore the 
end pressures alone form a system which 
is independently in equilibrium. That this 
may occur, and no couple be introduced, 
these must directly oppose each other; 
i,e, be parallel to the ground line aa^. 

Draw kp \\ aa^y it then represents the 
position and direction of the resultant 
pressure upon the vertical ba^. Draw 
the horizontal My then is the angle iJcp 
called the obliquity of the pressure, it 
being the angle between the direction of 
the pressure and the normal to the plane 
upon which the pressure acts. 

Let eJc= (Pbe the angle offrictioriy i,€, 
the inclination which the surface of 
ground would assume if the wall were 
removed. 

The obliquity of the pressure exerted 
by the earth against any assumed plane, 
such as ba or 6a^, must not exceed the 
angle of friction; for should a greater 
obliquity occur the prism of earth, ajba^ 
or ajba^y would slide down the plane, ba^ 
or ba^y on which such obliquity is found. 

For dry earth ^ is usually about 30°; 
for moist earth and especially moist clay, 
^ may be as small as 15°. The inclina- 
tion of the ground surface aa^ cannot be 
greater than ^. 

Now let the points a^, a,,, a„ etc., be 
assumed at any convenient distances 
along the surface : for convenience we 
have taken them at equal distances, but 
this is not essential. With 6 as a center 
and any convenient radius, as bCy describe 
a semi-circumference cutting the lines 
ba^y ba^y etc. at c^, c^, etc. Make €e^=ec; 
also e^e^=c^c^y ^oV=^o^2> et<5.: then be^ 
has an obliquity with ba^y as has also 
be^ with ba y be^ with ba^y etc. ; for a^be^ 
= a^be^ = aj>e^ = 90° -I- 0, 

Lay off bbj, bb^, bb^y etc., proportional 
to the weights of the prisms of earth 
a^ba^y afia^y afia^y etc. : we have effected 
this most easily by making a^a^=.bb^y 
a^a=^bb^y a^a^^bh^y etc. Through by b^ 5,, 
etc., draw parallels to Tcp\ these will inter- 
sect be^y oe^y be^y etc., at by t^y ^„ etc. 



Then is bb^^ the triangle of forces hold- 
ing the. prism ajba^ in equilibrium, just 
as it is about to slide down the plane ba^^ 
for bb^ represents the weight of the 
prism, b^t^ is the known direction of the 
thrust against ba^y and bt^ is the direc- 
tion of the thrust against ia, when it is 
just on the point of sliding: then is tfi^ 
the greatest pressure which the prism 
can exert against ^a^. Similarly tj?^ is 
the greatest pressure which the prism 
afia^ can exert. . Now draw the curve 
t^tjt^y etc., and a vertical tangent inter- 
secting the parallel to the surface through 
b BXt'y then is tb the greatest pressure 
which the earth can exert against ba^. 
This greatest pressure is exerted approxi- 
mately by the prism or wedge of earth 
cut off by the plane ba^y for the pressure 
which it exerts against the vertical plane 
through b is almost exactly hjt^:=bt. 
This IS Coulomb's " wedge of maximum 
thrust'* correctly obtained: previous de- 
terminations of it have been erroneous 
when the ground surface was not level, 
for in that case the direction of the press- 
ure has not been ordinarily assumed to 
be parallel to the ground surface. 

In case the ground surface is level the 
wedge of maximum thrust will always 
be cut off by a plane bisecting the angle 
cbc^y as maybe shown analytically, which 
fact will simplify the construction of that 
case, and enable us to dispense with 
drawing the thrust curve tt. 

The pressure tb is to be applied at ky 
and may tend either to overturn the wall 
or to cause it to slide. 

In order to discuss the stability of the 
wall under this pressure, let us find the 
weight of the wall and of the prism of 
earth aba^. Let us assume that the 
specific grayity of the masonry compos- 
ing the wall is twice that of earth. 
Make a'h=bb'y then the area abVa'^ 
abh'=.abh^\ and if aAj=2aA, then aA, 
represents the weight of the wall reduced 
to the same scale as the prisms of earth 
before used. Since aa^ is the weight of 
aba^y aji^ is the weight of the mass on 
the right of the vertical ba^ against 
which the pressure is exerted. 

Make bq^^aji^y and draw tqy which 
then represents the direction and amount 
of the resultant to be applied at o where 
the resultant pressure applied at k inter- 
sects the vertical gw through the center 
of gravity g of the mass aaJbVa'. The 
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center of gravity g \% constructed in the 
following manner. Lay off a'h=iVj and 
M:=^aa'\ and join hi. Join also the mid- 
dle points of ab and a'b'i the line so 
drawn intersects M at g^ the center of 
gravity of aa'Vh, Find also the center 
of gravity g^^ of aha^y which lies at the 
intersection of a line parallel to aa^^ and 
cutting ba^ at a distance of J ba^ from a^ 
and of a line from b bisecting aa^. 
Through g^ and g^ draw parallels, and 
lay off g^f^ and ^,/j, on them proportional 
to the weights applied at g^ and g^ 
respectively. We have found it con- 
venient to make ^,/,=i«Aa, and g,f^=i 
aa^, Then/j/, divides g^g^ inversely as 
the applied weights; and g^ the point of 
intersection, is the required center of 
gravity. 

Let or be parallel to tq ; since it 
intersects bV so far within the base, 
the wall has sufficient- stability against 
overturning. The base of the wall is so 
much greater than is necessary for the 
support of the weight resting upon it, 
that engineers have not found it neces- 
sary that the resultant pressure should 
intersect the base within the middle third 
of the joint. The practice of English en- 
gineers, as stated by Rankine, is to per- 
mit this intersection to approach as near 
V as \bh\ while French engineers permit 
it to approach as near as \bb' only. In 
all cases of buttresses, piers, chimneys, 
or other structures which call into plav 
some fraction of the ultimate strength 
of the material, or ultimate resistance of 
the foundation as great as one tenth, or 
one fifteenth, the point should not ap- 
proach b' nearer than ^ bb\ 

Again, let the angle of friction be- 
tween the wall and the earth under it be 
(P': then in order that the thrust at ^ 
may not cause the wall to slide, the 
angle wor must be less than ^\ 

"When, however, the angle ^' is less than 
ioor It becomes necessary to gain additional 
stability by some means, as for example 
by continuing the wall below the sur- 
face of the ground lying in front of it. 
Let a^'a^' be the surface of the ground 
which is to afford a passive resistance to 
the thrust of the wall: then in a manner 
precisely analogous to that just employed 
for finding the greatest active pressure 
which earth can exert against a vertical 
plane, we now find the least passive 
pressure which the earth in front of the 



wall will sustain without sliding up some 
plane such as Va^' or 6'a^', etc. The 
difference in the two cades is that in the 
former case friction hindered the earth 
from sliding down, while it now hinders 
it from sUding up the plane on which it 
rests. 

Lay off e'e^'=-ee^\ then taking any 
points CL^a^y etc. on the ground surface, 
make ejej=c,'c^\ e^e^=c^cl, etc. 

Lay off 6'6,'=a/a ', etc., and drawing 
parallels through 6/, b^^ etc., we obtain 
the thrust curve t^t^^i etc. 

The small prism of earth between b'a^ 
and the wall adds to the stability of the 
wall, and can be made to enter the con- 
struction if desired, in the same manner 
as did aba^. 

The vertical tangent through s' shows 
us that the earth in front of the wall can 
withstand a thrust having a horizontal 
component Vs' measured on a scale such 
that Vb^=a^a^ is the weight of the- 
prism of earth a^Va^. 

This scale is different from that used 
on the left. To reduce them to the 
same scale lay off from Jy^ the distances 
Vd^ and Vd^ proportional to the perpen- 
diculars from b on aa^ and V on a/a^' 
respectively. In the case before us, as 
the ground surfaces are parallel, we have 
made b'd^^^ba^ and b'dj^ssb'a^. 

Then from any convenient point on 
Vbly as V, draw vd^ and t?<//: these lines 
will reduce from one scale to the other. 
We find then that vid is the thrust on 
the scale at the left corresponding to 
acd=zb's' on the right: ^.e., the earth 
under the surface assumed at the right 
can withstand something over one fourth 
of the thrust sb at the left. 

It will be found that a certain small 
portion of the earth near a/ has a thrust 
curve on the left of b\ but as it is not 
needed in our solution it is omitted. 

If any pressure is required in pounds, 
as for example sb^ it is founds as follows: 
— the length of ah^ is to that of sb as the 
weight of bb'aa^ in lbs. is to the pressure 
si in lbs. 

Frequently the ground surface is not a 
plane, and when this is the case it often 
consists of two planes as od^ da^ Fig. 16. 
In that case, dr%w some convenient line 
as acf,, and lay off adf„ d^d^^ etc. at will, 
which for convenience we have made 
equal. Draw dfi^^ d^a^j etc. parallel to 
bdf and join 6a^, da„ etc. : then are the 
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triangles ,5d^a, Jc?^,, hda^^ hda^y etc. pro- 
portional in area to the lines ea, ea^y etc. 
Hence the weights of the prisms of earth 
haa^y haa^y etc., are proportional to ad^, 
ad y etc. 

In case ah slopes backward the part of 
the wall at the left of the vertical ba^ 
rests upon the earth below it sufficiently 
to produce the same pressure which 
would be produced if baa^ were a prism 
of earth. The weights of the wedges 
which produce pressures, and which are 
to be laid off below ft, are then propor- 
tional to d^d^=bb^j d^d^=bb^, etc. The 
direction of the pressures of the prisms 
at the right of bd are parallel to ad; but 
upon taking a larger prism the direction 
may be assumed to be parallel to a^a,, 
^o^4> ®*^*> which is very approximately 
correct. Now draw b^t^ \\ a^a^^ b^t^ || a^a^, 
etc.; and complete the construction for 
pressure precisely as in Fig. 15, using 
for resultant pressure the direction and 
amount of that due to the wedge of maxi- 
mum pressure thus obtained. 

In finding the stability of the wall, it 
will be necessary to find the weight and 
center of gravity of the wall itself, minus 
a prism of earth baa^^ instead of plus this 
prism as in Fig. 16; for it is now sus- 
tained by the earth back of the wall. 

When the back of the wall has any 



other form than that above treated, the 
vertical plane against which the pressure 
is determined should still pass through 
the lower back edge of the wall. 

In case the wall is found to be likely 
to slide upon its foundations when these 
are level, a sloping foundation is fre- 
quently employed, such that it shall be 
nearly perpendicular to the resultant pres- 
sure upon the base of the walL The con- 
struction employed in Fig. 15 applies 
equally to this case. 

The investigation of the stability of 
any abutment, buttress, or pier, against 
overturning and against sUding, is the 
same as that of the retaining wall in Fig* 
15. * As soon as the amount, direction, 
and point of application, of the pressure 
exerted against such a structure is deter- 
mined, it is to be treated precisely as 
was the resultant pressure kp in^Fig. 15. 

In the case of a reservoir wall or dam, 
the construction is simplified from the 
fact that, since the surface of water is 
level and the angle of friction vanishes, 
the resultant pressure is perpendicular 
to the surface upon which the water 
presses. It is useful to examine this as 
a case of our previous construction. In 
Fig. 17, let abb' be the cross-section of 
the dam; then the wedge of maximum 
pressure against ba^ is cut off by the 
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plane ba^ when cfta =45°, ue. ba^ bisects 
cba^ as before stated. 




This produces a horizontal resultant 
pressure at k equal to the weight of the 
wedge. Now the total pressure on ab is 
the resultant of this pressure, and- the 
weight of the wedge aba^. The forces 
to be compounded are then proportional 
to the lines a^a^=^bv^ and aa^. By simi- 
larity of triangles it is seen that ro the 
resultant is perpendicular to cib. 

It is seen that by making the inclina- 
tion of ab small, the direction of ro can 
be made so nearly vertical that the dam 
will be retained in place by the pressure 
of the water alone, even though the dam 
be a wooden frame, whose weight may be 
disregarded. 

We can now construct the actual 
pressures to which the arch of a tunnel 
surcharged with water or earth is sub- 
jected. Suppose, for example, we wish 
to find the pressure of such a surcharge 
on the voussoir a^d^d^a^ Fig. 14. Find 
the resultant pressure against a vertical 
plane extending from d^ to the upper 
surface of the surface and call it p^. 
Draw a horizontal through d^ and 
let its intersection with the vertical 
just mentioned he called d". Find 
the resultant pressure against the verti- 
car plane extending from d' to the sur- 
face, and call it p^\ Now let i?/= 
jOj— p/and let it be applied at such a point 

o^ <^6^»^ *^*^ Pt ^^^^^ ^® ^^® resultant of jt>/ 
and pj. Then will the resultant press- 
ure against the voussoir be the resultant 
of jt>/ and the weight of that part of the 
surcharge directly above it. 

FOUNDATIONS IN EABTH. 

A method similar to that employed in 
the determination of the pressure of 
earth against a retaining wall, or a tunnel 
arch, enables us to investigate the sta- 
bility of the foundations of a wall stand- 
ing m earth. 

Suppose in Fig. 15 that the wall abb' a' 
is a foundation wall, and that the press- 
ure which it exerts upon the plane bb' 
is vertical, being due to its own weight 
and the weight of the building or other 



load which it sustains. Now consider a 
vertical plane of one unit in height, say, 
as bb^\ and determine the resultant press- 
ure against it on the supposition that 
the pressure is produced by a depth of 
earth at the right of it, sufficient to pro- 
duce the same vertical pressure on bb' 
which the wall and its load do actually 
produce. In other words we suppose 
the wall and load replaced by a bank of 
earth having its upper surface horizontal 
and weighing the same as the wall and 
load. Call the upper surface z^ and find 
the pressure against the vertical plane zb 
due to the earth under the given level 
surface; similarly, find the pressure 
against zb^. The surface being level, the 
maximum pressure, as previously stated 
will be due to a wedge cut off by a plane 
bisecting the angle between bz and a 
plane drawn from b at the inclinatian ^, 
of the limiting angle of friction. This 
enables us to find the horizontal pres- 
sures against zb and zb^ directly: their 
difference is the resultant active pressure 
against bb^. 

Next, it must be determined what pas- 
sive pressure the earth at the left of bb^ 
can support. The passive resistance of 
the earth under the surface a against 
the plane db as well as that against the 
plane ab^ can be found exactly as that 
was previously found under the surface 
a'. The difference of these resistances is 
the resistance which it is possible for bb^ 
to support. Indeed bb^ could support 
this pressure and afford this resistance 
even if the active pressure against ab 
were, at the limit of its resistance, which 
it is not. The limiting resistance which 
is thus obtained, is then so far within 
the limits of stability, that ordinarily, no 
further factor of safety is needed, and 
the stability of the foundation is secured, 
if the active pressure against bb^ does not 
exceed the passive resistance. This con- 
struction should be made on the basis of 
the smallest angle of friction ^ which 
the earth assumes when wet; that being 
smaller than for dry earth, and hence 
giving a greater active pressure at the 
right, and a less resistance at the left. 

CHAPTER XV. 

SPHEBICAL DOME OF MBTAL. 

The dome which will be treated in the 
following construction i& hemispherical 
in shape; but the proposed construction 
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applies equally to domes of any different 
form generated by the revelation of the 
arc of some curve about a vertical axis : 
such forms are elliptic, parabolic or hy- 
perbolic domes, as well as pointed or 
gotkic domes, etc. Let the quadrant aa 
m Fig. 18, represent the part of the 
meridian section of a thin metallic dome 
between the crown and the springing 
circle. The metallic dome is supposed 
to be so thin that its thickness need not 
be represented in the Figure : the thick- 
ness of a dome of masonry, however, is a 
matter of prime importance and will be 
treated subsequently. 

In a thin metallic dome the only thrust 
along a meridian section is necessarily 
in a direction tangent to that section at 
each point of it. This consideration will 
enable us to determine this thrust as well 



as the hoop tension or compression along 
any of the conical rings into which the 
dome may be supposed to be divided 
by a series of horizontal planes. 

Let the height ab of the dome be 
divided into any number of parts, which 
we have in this case, for convenience, 
made equal. Let these equal parts of the 
type duhe the distances between horizon- 
tal planes such that the planes through 
the points d^j £?„ etc., cut small circles from 
the hemisphere which pass through the 
point aj, a„ etc., and similarly the planes 
through Wj, M„ etc., cut small circles which 
pass through ^j, ^„ etc. Now suppose the 
thickness of this dome, to be uniform, 
and if <ib be taken to represent the weight 
of a quadrantal lune of the dome included 
between two meridian planes making 
some small angle with each other; then 
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from the well-known expression for the 
area of the zone of a sphere it appears that 
ad^ will represent the weight of that 
part of the lune above a^d^. Similarly 
au is the weight of the lune ag^; 
a<tthe weight of aa„ etc. 

This method of obtaining the weight 
applies of coarse in case the dome is an^ 
segment of a sphere less than a hemi- 
sphere and of uniform thickness. If the 
thickness increases from the crown, the 
weights of the zones cut by equi-distant 
horizontal planes increase directly as the 
thickness. In case the dome is not 
spherical the weights must be determin- 
ed by some process suited to the form of 
the dome and its variation in thickness. 

Now the weight of the lune aa^ is sus- 
tained by a horizontal thrust which is 
the resultant of the horizontal pressures 
in the meridian planes by which it is 
bounded, and by a thrust, as before re- 
marked, in the direction of the tangent 
at a. Draw a horizontal line through d^^ 
and through a a parallel to the tangent 
at a: these intersect at s^, then is ad^s^ 
the triangle of forces which hold in 
equilibrium the lune aa^. Similarly, 
aWj^i is the triangle of forces holding the 
lune ag^ in equilibrium, etc. Draw a 
curve 8t through the points thus determ- 
ined. This curve is a well-known cubic 
which when referred to ba as the axis of 
X and bff^ as that of y has for its equa- 
tion 



X' 



r-haJ 



On being traced at the right of a it has 
in the other quadrant of the dome a part 
like that here drawn forming a loop ; it 
passes through b at an inclination of 45° 
and the two branches below b finally 
become tangent to a horizontal line 
drawn tangent to the circle aa of the 
dome. The curve has this remarkable 
property : — If any line be drawn from a, 
cutting the curve here drawn and, also, 
the part below bff^j the product of these 
two radii vectores of the curve from the 
pole a is constant, and the locus of the 
intersection of the normals at these two 
points is a parabola. 

Draw a vertical tangent to this curve : 
the point of contact is very near t^, and ^g, 
the corresponding point of the dome is 
almost 52° from the crown a, A determi- 
nation of this maximum point by means 



of the equation gives the height of it 
above ^ as J (Vs*"^) **> corresponding to 
about 5 1 °49'. Now consider any zone, as, 
for example, that whose meridian section 
is ff^a^i the upper edge is subjected to a 
thrust whose radial horizontal compo- 
nent is proportional to u^t^^ while the 
horizontal thrust against its lower edge 
is proportional to d^s^y and the difference 
s^x^ between these radial forces produces 
a hoop compression around the zone pro- 
portional to s^x^. It will be seen that 
these differences which are of the type 
sx or ti/y change sign at t . Hence all 
parts of the dome above 51 49' from the 
crown, are subjected to a hoop compres- 
sion which vanishes at that distance from 
a, while all parts of the dome below 
this are subjected to hoop tension. This 
may be stated by saying that a thin 
dome of masonry would be stable under 
hoop compression as far as 61^ 49' from 
the crown, but unstable below that, being 
liable to crack open along its meridiai^ 
sections. A thick dome of masonry, 
however, does not have the resultant 
thrust at every point of its meridian 
section in a direction which is tangential 
to its surface, — this will be discussed 
later. 

It is necessary to determine the actual 
hoop tension or compression in any ring 
in order to determine the thickness of 
the dome such that the metal may not 
be subjected to too severe a stress. 

The rule for obtaining hoop tension 
(we shall use the word tension to in- 
clude both tension and ooitpression) is : 
Multiply the intensity of the radial 
pressure by the radius of the hoop, the 
product is the tension at any meridian 
section of the hoop. The correctness of 
this rule appears at once from considera- 
tion of fluid pressure in a tube, in which 
it is seen that the tensions at the two ex- 
tremities of a diameter prevent the total 
pressure on that diameter from tearing 
the tube asunder. 

Now in the case before us t^y^ is the 
radial force distributed along a certain 
lune. The number of degrees of which 
the lune consists is at present undeterm- 
ined : let it be determined on the suppo- 
sition that it shall be such a number of 
degrees as to cause that the total radial 
force against it shall be equal to the 
hoop tension. Call the total radial force 
JP and the hoop tension T, then the lune 
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is to be Buoh that P= T. Also let 6 be 
the number of degrees in the lone, then 
00® -7- is the number of lunes in a quarter 
of the dome, and 90 JP-t-O is the radial 
force against a quarter of the dome, 
which last must be divided by J;r to ob- 
tain the hoop tension; because Up is the 
intensity of radial pressure, iTtrp is the 
total pressure against a •quadrant and rp, 
as previously stated, is the hoop tension. 
The ratio of these is ^Tf, and by this we 
must divide the total radial pressure in 
every case to obtain hoop tension' 
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This is the number of degrees of which 
the lune must consist in order that when 
ah represents its weight, t^y^ shall rep- 
resent the hoop tension in the meridian 
section a^g^. The expression we have 
found is independent of the radius of the 
ring, and hence holds for any other ring 
as ^i«j, in which 5,a;, is the hoop tension, 
etc. To find what fraction this lune is 
of the whole dome, divide B by 360° 

e _ 180 _ 1 _j4^ 
• *• 360" 360^^" 2l^~" 26''®^''^^' 

from which the scale of weight is easily 
found, thus; let TTbe the total weight 
of the dome and r its radius, then 

^nr \ TFl ;i : w, the weight per unit, or 
the hoop tension per unit of the distances 
ty or «». 

Distances at or a^, on the same scale, 
represent the thrust tangential to the 
dome in the direction oi the meridian 
sections, and uniformly distributed over 
an arc of 5'7°.3-— ; e.g, if we divide at^ 
measured as a force by Oxu^^ measured 
as a distance we shall obtain the intensi- 
ty of the meridian compression at the 
joint cut from the dome by the horizon- 
tal plane through a^. 

Analogous constructions hold for 
domes not spherical and not of uniform 
thickness. Approximate results may be 
obtained by assuming a spherical dome, 
or a series of spherical zones approxi- 
mating in shape to the form which it is 
desir^id to treat. 



CHAPTER XVL 

SPHERICAL DOMB OF MASOXBT. 

Let the dome treated be that in Fig. 
18 in which the uniform thickness of the 
masonry is one-sixteenth of the internal 
diameter or one-eighth of the radius of 
the intrados. Divide db the radius of 
the center line into any convenient num- 
ber of equal parts, say eight, at w^, Wj, 
etc.: a much larger number would be 
preferable in actual construction. At 
the points a„ a„ etc., on the same levels 
with Wj, w„ etc. pass conical joints nor- 
mal to the dome, so that b is the vertex 
of each of the cones. 

If we consider a lune between meridian 
planes making a small angle with each 
other, the center of gravity of the parts 
of the lune between the conical joints lie 
at ^j, g^y etc. on the horizontal midway 
between the previous horizontals. These 
points are not exactly upon the central 
line aa^ but if the number of horizontals 
is large, the difference is inappreciable. 
We assume them upon aa. That they 
fall upon the horizontals through <f„ t/,, 
etc., midway between those through w„ 
w„ etc., is a consequence of the equality 
in area between spherical zones of the 
same height. 

In finding the volume of a sphere it 
may be considered that we take the sum 
of a series of elementary cones whose 
bases form the surface of the sphere, and 
whose height is the radius. Hence, if 
any equal portions of the surface of a 
sphere be taken and sectorial solids be 
formed on them as bases and having 
their vertices at the center, then the 
sectorial solids have equal volumes. 
The lunes of which we treat are equal 
fractions of such equal solids. 

Draw the verticals of the type hg 
through th*e centers of gravity g^^ g^y etc. 
The weights applied at these points are 
equal and may be represented by aw„ 
u^u^=w^w^y etc. Use a as the pole and 
w^w^ as the weight line; and, beginning 
at the point /g, draw the equilibrium 
polygon c due to the weights. 

We have used for pole distance the 
greatest horizontal thrust which it is 
possible for any segment of the dome to 
exert upon the part below it, when the 
hoop compression extends to 51*^ 49' 
from the crown. 

Below the point where the compression 
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vanishes we shall not assume that the 
bond of the masonry is such that it can 
resist the hoop tension which is develop- 
ed. The upper part of the dome will be 
then carried by the parts of the lunes 
below this point by their united action 
as a series of masonry arches standing 
side by side. 

Now it is seen that the curve of equi- 
librium c, drawn with this assumed hori- 
zontal thrust falls within the curve of the 
lune, which signifies that the dome will 
not exert so great a thrust as that as- 
sumed. By the principle of least resist- 
ance, no greater horizontal thrust will 
be called into action than is necessary to 
cause the dome to stand, if stability is 
possible. If a less thrust than that just 
employed be all that is developed in the 
dome, then the point where the hoop 
compression vanishes is not so far as 51° 
49' from the crown, and a longer portion 
of the lune acts as an arch, than has been 
supposed by previous writers on this 
subject,* none of whom, so far as known, 
have given a correct process for the solu- 
tion of the problem, although the results 
arrived at have been somewhat approxi- 
mately correct. 

To ensure stability, the equilibrium 
curve must be inscribed within the inner 
third of that part of the meridian section 
of the lune which is to act as an arch ; as 
appears from the same reasons which 
were stated in connection with arches of 
masonry. 

And, further, the hoop compression 
will vanish at that level of the dome 
where the equilibrium curve, in departing 
from the crown, first becomes more 
nearly vertical than the tangent of the 
meridian section; for above that point 
the greatest thrust that the dome can 
exert, cannot be so great as at this point 
where the thrust of the arch-lune is equal 
to that of the dome. 

Now to determine in what ratio the 
ordinates of the curve c must be elongat- 
ed to give those of the curve e which 
fulfills the required conditions, we draw 
the line/o, and cut it at p^, />„ etc. by 
the horizontals m, j(?„ m^p.^, etc., the quan- 
tities rnb being the ordinates of exterior 
•of the inner third. Again draw verticals 
through />j,j(?3, etc., and cut them at g^,, 

* See a paper read before the Royal Inst, of British 
Architects, *'on the Mathematical Theory of Domes," 
Feb. 6th. 1871. By Edmund Beckett DenisoD, L.L.D., 
Q.C.| F.A.A.B. 



q^j ?aj etc. by horizontals through c^, c,, 
C3, etc. Through these points draw the 
curve qq^ whose ordinates are of the type 
qh. Some one of these ordinates is to 
be elongated to its corresponding ph^ 
and in such a manner that no qh shall 
then become longer than its correspond- 
ing ph. To effect this, draw oq^ tangent 
to the curve qq; then will oq^ enable us 
to effect the required elongation: e.g, let 
the horizontal through c^ cut oq^ at j\j 
and then the vertical through j' cuts/b 
at i\, then is e^ (which is on the same 
level with i^) the new position of c^. 
Similarly, we may find the remaining 
points of the curve e; but it is better to 
determine the new pole distance, and use 
this method as a test only. 

The curve qq made use of in this con- 
struction for finding the ratio lines for 
so elongating the ordinates of the curve 
e, that the new ordinates phall be those 
of a curve e tanpjent to the exterior line 
of the inner third, may be applied with 
equal facility to the construction for the 
arch of masonry. This furnishes us with 
a direct method in place of the tentative 
one employed in connection with Fig, 
14. 

To find the new pole distance, draw 
Jj II oq^ cutting ww at jy then will ithe 
intersection of the horizontal through /, 
be the new position of the weight line vv, 
having its pole distance from a diminish- 
ed in the required ratio. 

The equilibrium curve e will be parallel 
to the curve of the dome at the points 
where the new weight line vv cuts the 
curve st It should be noticed that the 
pole distance which we have now determ- 
ined is still a little too large because 
the polygon e is circumscribed about 
the true equilibrium curve; and as the 
polygon has an angle in the limiting 
curve mm the equilibrium curve is 
not yet high enough to be tangent to the 
limiting curve. If the number of divi- 
sions had originally been larger (which 
the size of our Figure did not permit) 
this matter would be rectified. 

The polygon e is seen at 6, to fall just 
without the required limits, this would 
be partly rectified by slightly decreasing 
the pole distance as just suggested ; the 
point, however, would still remain just 
without the limit after the pole distance 
is decreased, and by so much is the dome 
unstable. A dome of which the thick- 
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ness is one fifteenth of the internal dia- 
meter, is almost exactly stable. 

It is a remarkable fact that a semi- 
cylindrical arch of uniform thickness and 
without surcharge must be almost exact- 
ly three times as thick, viz., the thickness 
must be about one fifth the span in order 
that it may be possible to inscribe the 
equilibrium curve within the inner third. 

The only large hemispherical dome, of 
which I have the dimensions, which is 
thick enough to be perfectly stable with- 
out extraneous aid such as hoops or ties, 
is the Gol Goomuz at Beejapore, India. 
It has an internal diameter of 137^ feet, 
and a thickness of 10 feet, it being 
slightly thicker than necessary, but it 
probably carries a load upon the crown 
which requires the additional thickness. 

The hemispherical dome of uniform 
thickness is a very faulty arrangement 
of material. It is only necessary to 
make the dome so light and thin for 51^ 
49' from the crown that it cannot exert 
so great a horizontal thrust as do the 
thicker lunes below, to take complete ad- 
vantage of the real strength of this form 
of structure. A dome whose thickness 
gradually decreases toward the crown 
takes a partial advantage of this, but 
nothing short of a quite sudden change 
near this point appears to be completely 
effective. 

The necessary thickness to withstand 
the hoop compression and the meridian 
thrust can be found as previously shown 
in the dome of metal. 

Domes are usually crowned with a 
lantern or pinnacle, whose weight must 
be first laid off below the pole a after 
having been reduced to the same unit 
as that of the zones of the dome. 

Likewise when there is an eye, at the 
crown or below, the weight of the mate- 
rial necessary to fill the eye must be sub- 
tracted, so that a is then to be placed 
below its present position. The construc- 
tion is then to be completed in the same 
manner as in Fig, 18. 

It is at once seen that the effect of an 
additional weight, as of a lantern, at the 
crown, since it moves the point a upward 
a certain distance, will be to cause the 
curve St to have all its points except h to 
the left of their present position, and 
especially the points in the upper part of 
the curve, thus making the point of no 
hoop tension much nearer the crown than 



in the metallic dome. It will be noticed 
that the addition of very small weight at 
the crown will cause the point m, of no 
hoop tension in the dome of masonry to 
approach almost to the crown, so that 
then the lunes will act entirely as stone 
arches with the exception of a very small 
segment at the crown. 

On the contrary, the removal of a seg- 
ment at the crown, or the decrease of the 
thickness, or any device for making the 
upper part of the dome lighter will re- 
move the point of no hoop tension further 
from the crown, both for the dome of 
metal and of masonry. In any dome of 
masonry the thickness above the point 
of no hoop tension, as determined by the 
curve st^ need be only such as to with- 
stand the two compressions to which it 
is subjected, viz; hoop compression and 
meridian compression: while below that 
the lunes acting as arches must be thick 
enough to cause a horizontal thrust equal 
to the maximum radial thrust of the 
dome above the point of no hoop ten- 
sion. 

Several large domes are constructed of 
more than one shell, to give increased 
security to the tall lanterns surmounting 
them : St. Peter's, at Rome, is double, 
and the Pantheon, at Paris, is triple. 
The different shells should all spring 
from the same thick zone below the 
point of no hoop tension; and the lunes 
of this thick zone should be able to 
afford a horizontal thrust equal to the 
sum of the radial thrusts of all the 
shells standing upon it. 

Attention to this will secure the sta- 
bility in itself of any dome of masonry 
spherical or otherwise; and, though I 
here offer no proof of the assertion, I am 
led to believe that this is the solution of 
the problem of constructing the dome of 
a minimum weight of material, on the 
supposition that the meridian joints can 
afford no resistance to hoop tension. 

Now, in fact, it is a common device to 
ensure the stability of large domes by 
encircling them with iron hoops or 
chains, or by embedding ties in the ma- 
sonry; and this case appears to be of 
sufficient importance to demand our at- 
tention, fl 

If the hoop encircles the dome at 51® 
49' or any other less distance from the 
crown the dome will be a true dome at 
all points above the hoop. Suppose the 
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hoop to be at 51° 49', then the curve e 
should, below that point, be made to 
pass through the points f^ and y^, from 
which it is seen that the dome may be 
made thinner than at present, and the 
horizontal thrust caused will be less. 
The tension of the hoop would be that 
due to a radial thrust which is the dif- 
ference between that given by the curve 
si for this point and the horizontal thrust 
(pole distance) of the polygon e when it 
passes through /*, and /^. That the curve 
e passes through these last mentioned 
points is a consequence of the principle 
of least resistance. 

Again, suppose another hoop encircles 
the dome at y^ ; the curve e must pass 
through /g and/j, and in this pai't of the 
lune will have a corresponding horizon- 
tal thrust. The curve e must also pass 
through f^ and /^, but in this part of the 
lune will have a horizontal thrust cor- 
responding to it, differing from that in 
the part between f^ and f^ : indeed the 
horizontal thrust in the segment of a 
dome above any hoop depends exclusive- 
ly upon that segment and and is unaf- 
fected by the zone below the hoop. Hie 
tension sustained by the hoop is, how- 
ever, due to the radial force, which is 
the difference of the horizontal thrusts 
of the zones above and below the 
hoop. 

It is seen that the introduction of a 
second hoop will still further diminish 
the thickness of lune necessary to sus- 
tain the dome, unless indeed the thick- 
ness is required to sustain the meridian 
compression. 

Had a single hoop been introduced at 
/g with none above that point, the dome 
above f^ should then be investigated, just 
as if the springing circle was situated at 
that point. The curve e must then start 
from /^, as it before did from /g, and be 
made to become tangent to the limit- 
ing curve at some point between /^ and 
the crown. 

By the method here employed for 
finding the tension of a hoop it is possi- 
ble to discuss at once the stresses in- 
duced in the important modern domes 
constructed with rings and ribs of metal 
and having the intermediate panels 
closed with glass. 

On introducing a large number of 
rings at small distances from each other, 
it will be seen that the discussion just 



given leads to the method previously 
given for the dome of metal. 

The dome of St. Paul's, London, is one 
which has excited much adverse criticism 
by reason of the novel means employed 
to overcome the difficulties inherent in so 
large a dome at so great a height above 
the foundations of the building. The 
exterior dome consists of a framework of 
oak sustained by conical dome of brick 
which forms the core. There is also a 
parabolic brick dome under the cone 
which forms no essential part of the sys- 
tem. Since the conical dome in general 
presents some peculiarities worthy of 
notice we will give an investigation of 
that form of structure as our concluding 
construction. 

CHAPTER XVn. 

CONICAL DOMli OF METAL. 

In Fig. 19, let bd be the axis of the 
frustum of a metallic cone cut by a ver- 
tical plane in the meridian section a. 
The cone is supposed to have a uniform 
thickness too small to be regarded in 
comparison with its other dimensions. 
Suppose the frustum to be cut by a series 
of equi-distant horizontal planes as at g^^ 
g^^ etc., into a series of frustra or rings : 
then the weight of each ring is propor- 
tional to its convex surface. The convex 
surface of any ring=27rrx slant height; 
when r is half the sum of the radii of the 
two bases, ^.e., r is the mean radius. 
Consequently, the weights of these 
rings, or any given fraction of them in- 
cluded between two meridian planes, is 
proportional to their mean radii. Let us 
draw these mean radii d^a^^ d^a^^ etc., be- 
tween the horizontals through g^^g^^ etc., 
and use some convenient fraction, say ^, 
of these quantities of the type da as the 
weights. The line ii cuts off \ of each 
of these : then lay off du^-^dj,^ as the 
weight of the ring ag^y lay off u^ii^=- 
^i\^ ^3^3= ^3*3, etc., as the weights of 
the rings g,g^, g^^, etc. 

Draw the line dt \\ aa^ it corresponds 
to the curve st of Fig. 18; then the 
quantities of the type tu represent the 
horizontal radial thrust which the cone 
exerts upon the part below it, while the 
radial thrust borne by any ring is the 
difference between two successive quanti- 
ties of the type tu^ i,e,y the radial thrust 
in the ring g^g^ is represented by t^y^, 
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CONICAL DOME 




that in g^^ by t^y^^ etc. As previously 
shown in connection with the spherical 
dome, if the scale of weights be such 
that du^ represents a part of the cone 
between two meridian planes which make 
an angle of 0=180°-f-7rr=67^3— , then 
will ^g^g, t^y^ etc., be the total hoop com- 
pression of the corresponding rings of 
the cone. It is to be noticed that this 
quantity does not change sign in the 
cone, and is always compression. 

The meridian compression is expressed, 
under the same circumstances by the 
quantities dt^^ dt^^ etc. 

Such a cone as this must be placed 
upon a cylindrical drum or other support 
which can exert a resistance in the direct- 
but if this support is very 



ion aa. 



slightly displaced by the horizontal radial 
thrust, a hoop tension will be induced at 
the base of the cone. As this displace- 
ment is very likely to occur it is far bet- 
ter to have the base of the cone sufficient- 
ly strong to withstand this tension, 
which is t^u^ when du^ is the weight of 
6 7°. 3 : then the supports will sustain a 
vertical force alone. 

This discussion applies equally well to 



a cone formed of a network of rings and 
inclined posts with intermediate panels 
of glass or other material. 

CONICAL DOME OF MASONRY. 

Let us assume that the uniform hori- 
zontal thickness of the dome to be 
treated, is one sixteenth of the internal 
diameter of the base, or one eighth of 
the internal radius, as shown in Fig. 19. 
The actual thickness is less than this, but 
since the horizontal thickness is a con- 
venient quantity, we shall call it the 
thickness unless otherwise specified. 

Pass equidistant horizontal planes as 
previously stated: then the volumes of 
these rings may be found by the pris- 
moidal formula. The volume 

=\nh \r,'-r, " + 4(r'-r") + r,'-r/'], 

in which h is the height of the ring, r, 
and r/ are the radii external and internal 
of one base, r^ and /•,' of the other, and r 
and r' of the middle section. Now 
r^—r^'=^r—r'=ir^^r^^-=t the thickness 
of the cone; and 
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.*. Volume = 7rht{r+r^)=27thtr 

-when ^(r-\-r^)=zr the mean radias of the 
middle section. From this it is seen 
that the weights vary in the same man- 
ner, and are represented by the same 
quantities as previously stated in case of 
a thin cone. Assume that the centers 
of gravity of any thin lunes cut from 
these nngs by meridian planes making a 
■small angle with each other, are at the 
middle points a^, a^, etc., this assumption 
is sufficiently exact for the part of the 
<5one near the base, which we are now 
specially to investigate. 

By means of the weights w^w^=^u^u^y 
«tc., at some assumed distance from the 
pole d, describe the equilibrium polygon 
c, starting from n at the inner third of 
the base. 

Now if the cone stands upon a drum 
which necessarily exerts a sufficient radi- 
al thrust to keep the meridian joints of 
the cone closed down to the base, then 
all the circumstances will be precisely as 
before explained in respect to the metallic 
dome : but if the drum exerts a less radi- 
al thrust, the meridian joints will open 
near the base, and the conditions of sta- 
bility of that part of the cone will need 
to be investigated, as was done in the 
spherical dome of masonry, by consider- 
ing the upper part of the dome as sus- 
tamed by a series of stone arches. From 
ydraw /c, tangent to the curve c; then 
must c^b^ be elongated to m^b^ and the 
other ordinates of c must be elongated 
in the same ratio in order that the equili- 
brium polygon may be tangent to the 
exterior limit fm; and, further, fm and 
/<?, are the ratio lines by which to effect 
the elongation. To find how much the 
thrust is diminished, draw through the 
intersection of /m with bdy a line parallel 
to/c, intersecting the weight line at w, 
and then v the point where the horizontal 
through w intersects /m gives us the new 
position of the weight line, and its dis- 
tance from the pole d. This vertical in- 
tersects tt about midway between t^ and 
t^, thus showing that the meridian joints 
of the cone will be open from the base to 
about the point g^. It is unnecessary to 
draw the equilibrium polygon in its new 
position. 

We thus obtain the least horizontal 
thrust against which the dome can stand. 



The actual thrust which the drum exerts 
may have any value greater than this 
least thrust. 

It is seen that the effect of diminishing 
the thickness of the cone, is to carry the 
tangent point c^ and the point of no com- 
pression nearer to the base. In other 
words the thin dome of masonry of given 
semi-vertical angle necessarily exerts a 
greater thrust in proportion to its weight 
than does a thick dome, though that 
proportion is unchanged if the joints 
are to remain closed all the way to the 
base. 

All of the circumstances respectipg 
radial thrust above the point of no hoop 
compression, and respecting meridian 
thrust, are the same as in the metallic 
cone. 

Any additional loading above that of 
the weight of the cone itself, as for ex- 
ample, the weight of a lantern, or of an 
external dome, as in the case of St. Paul's, 
can be introduced and treated as an ad- 
ditional height or thickness of certain 
rings of the cone. The same method 
which has been here applied may be ap- 
plied to all such oases, if the weights be 
determined by some suitable process. 
For example, it may be shown by the 
help of the prismoidal formula, that the 
volume of the ring cut from a uniformly 
tapering cone by equidistant horizontal 
planes, varies as the product of the mean 
radius of the mid-section by the thick- 
ness at the mid-section. 

OTHER VAULTED STRUCTURES. 

Similar principles to those above devel- 
oped apply to domes with an elliptical or 
polygonal base, to domes whose meridian 
sections are ogee curves, to Skew Arches, 
to Groined Arches formed by the com- 
bination of cylindrical arches, as well 
as to Groined Arches which are dome- 
shaped. 

By the application of the principles 
developed it is easy to treat the cone or 
dome which sustains the pressure of earth 
or water. Indeed, it is not too much to 
say that the complete solution of the 
problem of the stability of vaulted struc- 
tures has now been set forth for the first 
time, and that the proper connection and 
relationship between similar structures, 
in metal and masonry, may now be 
clearly seen. In particular, the discus- 
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sions have made manifest th^ applicabil- 
ity of a particular equilibrium polygon 
among the infinite number which are 
due to a given set of weights, and which 



are all projections of any one of them, 
and the possibility of deriving from it in 
each of the structures treated, a complete 
and sufficiently ^xact solution. 
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Pope's Modearn- Practice t>f the 

TelegrapU. 

' mBtii Edition. 8v6. Cloth, i^^oa 

A Hand-book for Electricians and Opevators. ]By. Fb^^ic (^.-.ToirXiKf 
Kinth edition.' Revised and enlarged, and fulW* illustrate^* , ,. . . v 
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^abine^® BTistory of tHe Tfelegrapli. 

Second Edition. _ .12mo. Qothu _$X3&, 

HisTOBT ANO Fkpousis 0w thx BLsoTlia T^HMAi^ with D» 
■oriptions of some of the App^aitus* By C;99i;itT. Saaikjb, C.E. 
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Hasltins* Galvanometeri, 

Pocket form. Illiutrated. Moirocco tucks. $2.00. 
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TBiB Galtanombteb, axd its Usbs;— -A Manual |or ]E)levQtri|e:^MN| 
and Students. By 6. H. ^askiks. 
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Larrabee^s JBecret Letter and 'fel 

' ' iSnrO. hoth. tt^ 

ClFlZBB' AKD StfCBBT LBTTK^ ANb TxLBGBAPtflC CoDB^ ipjAk^Oggm 

Improvements. By C. S. Labrabex. 
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10 SCIENTJFitJ BOOKS PVaUSHBD BY 

. OillSBx>s*e'3 Xiiiines and C^Zkieditd. 

Fifth Edition. BeTiBod «nd Enlarged. 9to. Cloth, ti.00. 
QreTet Mft]or-Gei^€iri^ U. S. Army,^ 
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Gilljnore*s Coignet Beton- 

CoiOKKT Betoit Ajsn> Otheb Abtificiax. Stoke. — Bj Q. A. Gnx- 
xoBS, Lt.-CoL U. S. Coip»of 'Engineen, Brevet Major-General U.S. 
Anny. 
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GiUmoz'e on Roads* . 

fltTestj lUiiafeiaidtioiia. l^ino. t^oth. * $2lO0i 

ATractical Tbbatxss oh thb GOMflTBacxio^ of Roads, Stbebts, 
AND Pavements. By Q. A. Gillxobb, Lt.-CoL U. S. Corps of 
Engineers, &«Ttt MajoivQsiienl U. S*..ArQiy« 

Gillmore's Building Stones. 

AnK. Otothy ItfiO. . 

Rbpobt on Stbbnqth of thb B0U.D1NO Stones in the Untted 
£tates, etc. * 

Holley's RailMray Practice. 

iTOl. foUo. doai. $12.00. 

Amebican and EuBOPEAif Railway Pbactice, !n the Economical 
Generation of Steam^ inclading the materials and constmction of 
Coal-burning Boilers, Combustion, the Variable Blast, Vaporization, 
Circulation, Super-heating, Supplying and Heating Feed-water, &e., 
and the adaptation of Wood and Coke-burning Engines to Coal- 
burning; and in Permanent Way, including Road-bed, Sleepers, 
Rails, Joint Fastenings, Street Railways, etc.,' etc. By Alexandeb 
L. BotlBY; B.P. ' With 7T lithographed plates. 

Useful Information for Railway Men. 

Pocket lona. Moioeoo, gilt. $2.00. 

€onpR)9d: by W. G. HAitrLTON,^ Engineer.^ Kew EditioB, Revised 

and Enlarged. 577 pages. 
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Stuart'ii CivU a^4..MJLUAary JSi^ 

Svo. XUiuitrated. Clotii. $6.00. 
Ths C^Viii Anns UiLitAUt fixbrnEERS oy Amerkja. By General 
CsAHtES B. StCAST, Author of ««;N&valCllry Docks of the tJaited 
States/' etc, etc. Embellished \^ith nine finely-executed Portraits 
on steel of eminent Engineers, and illu3trate4 by.Engravings of some 
of the most important and original works constructed in America. 

^■**^^^^^^*^^^l^^-^— »*— — ■ II !■ II ■■■■■> 

Ernst's Manual of Military Engineorirx^p. 

193 Wood-cuts an4 3 Lithographed Plates, l^mo. Qoih. |5.oa] 
A Manual of Practicai« Military Exoixeerino. Prepared for 
the use of the Cadets of the U. S. Militarj^ Academy, and for Engineer 
Troops. By Capt O: H. £rkst. Corps of Engineers, Instructor in 
Practical Military Eagineerittg, U.Sv Miliiaiy AoadiBmy. 

Simms' LeveUing. . 

A Treatise on the Prinoiiples and Practiob of Levellino, 
showing its ItppHcation to purposes of Railway Engineering and the 
Construction of Beads, efce. - By Fkbderick W. Simms, C.E. From 
the fifth London edition, Bevised andXl6rrected|. with the addition of 
Mr. Law's Practical Examples for Setting-out Batlway Carres. 
Blustrated with three lithographic plates and numerous wood-cuts. 
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Jeffers' Nautical Surveying. 

Illustrated with 9 Copperplates and 31 Wood-cat Dlastrationa. 8vo. Cloth. $5.00. 

Nautical Survetino. By William. N. Jbff£rs« Captain U. S. 
Navy. 

Text-book of Siirveying. 

8vo. 9 Lithograph Plates and several Wood-cuts. Cloth. |2.00. 

A Text-book ok SuxymriNO, Pbo^eotiojoi, and Portable b^sTRTOENTS, 
for the use of the Cadet Midshipmen, at the V.S. Kii!?al ^ftyjemj^ 

The Plane Table. 

8to. Cloth. $2.00. 

J.TB Uses ijj Topoorap^cal S.cjrvkyino., From the pp.pew.9l the 
U. S. Coast Survey. . \ . \ . , • 
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New Mkthod of Cobrecting LuHiOt Distakgks, and Improred 

f .Method tif Smdiil^ ih#£ttar MidBKte of m ^€liMioiftel»r, by ^Al 

jiUita d Bi. ^f . Wic^ CteKinrmEr, I4jJ>*v GhMweUor ^ Wiitiikiiftoii 






Bust's K^y to Solar Con;ipa6s^ 

fl^OQiid EdiUan. PodK^WlKK^ fqnoL Todc t2.<S0. 

Key to the Solab GoifPAM^«iid Sitrriqror'f CompMiioii; ocymprkiiig 
all the ButoB tteoeasary fbr Use^ in the Field ;. alio Beiicription o£ the 
Linear Sunreg^ and Publla.Land SyetejBi of tlM United States, Notes 
on the B,a|x>nieter, Saggestions.for an Outfit for a Siureyof Four 
lioiitais^ fete. By W. A. B0BT» U. S. Deputy Surveyoh ' "' ' 

Ho^w^ard's Eairliiworlc^Ieiiguration. 

8to. ' niokntted: ClotJh $1US0. 

EaBTHWOBK ItflEXBURATION OK THB BaSIS OF THE PbISVOIDAL 

\ FOdtvQSLJii ^- €oa|wEtlngiifl^ iHd labos«aviag Btothod of oUainitfg 
Prismoidal (intents directly from £nd Areas. IHiiiteAteif - by 
Examples, and accompanied by Plain Itules for practical uses. By 
CoNWAT B. ]i<9mA9lOf CiTii fiaglneor, RidinMmd, Va. 



. JMorris' £asy 

Baby Rui^ih^ fob Tin MBAamuucEMT of JU^bthwobsb, by means of 
the FrismoMM FojCfMUav % .Slv/qiop MoiSBUf Civil Engin^r. 
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Cflevenger^s Surveying. 

tUostrated Pocket iTorm. Uorocoo, gilt. $2.50. 

A TitEATisE OK THE MetHQB OF GOTEBNHBKT SURTETIKO,' SS 

presoribed by the V. S. Congress and Commissioner of the <jeneral 
Land Office.. /With complete Mathematical, Astronomical, and Prao- 
tical Instructions for the use of the U. S. Surveyors In the Field, and 
Students who contemplate engaging in the business of Public Land 
Surveying. By ^. V.CtEVBNOEB, U. S. Deputy Sttrteyor. 
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HeTTSon on Smbankments* 

870. Cloth, tebo. 

Pbikciples akd Practice of Embakriko Lands, from Birer 
< Floods^ .84',a|ipliea: to the Levees of the >MiS8issippL By WxuJax 
Hewson, CSvil i^g(iMser« 
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Kinth Edltlm. ' Royal Svo. (Aotfa. HOO. ^ ,. 

:, '■ ■ i ' ' J . ~ ■ ,. . . - " • : ' ■ • ...«•., .^■^sTr' v., 

Ji Tbxt-Book. of OsostSTsuui.. pR^wiKfty iof 4lie nae of Mec^isiics 
and Splipolm WiUi Uluate^tdoiiA for Bsavingi Plaits^ SeeHons^iimd 
Elevations of Buildings and Machineiy ; an XBtiXKNEcliQzi W Isometri- 
cal Drawing, and an" Essay on Linear Perspective and Shadows. 
With over SOOxiiagrAni^ on stieeL^ By Wxijliaii HHMitrE, Architect. 
With an Appendix on the The(»7 attd Apj^catton of Colors. 

\ . ' 1 ■ w '*' ■ " ■*' . ■'■ f! i ■ . ' J ill 11^^^ .:,,'." 

Mixdfie's Oeoixietx^ical jDrai^ijOLg. 

New EdiOoik X^Bigtd. ttauk Clotb. |3.W. 

Geomxtrical Drawing. Abridged from the optayp* edition, for the 
use of Schools. Illustrated with 43 steel plates. 

"iVee ttand i>rawm 

Prpiusely niivitiateds ISmo. ^oan^K ^cea^ ^, 

A Qmuit VQ DwiAX^urrA&i Pignnav 4i|d^I«9ndacs9i» Ihrawiagb. By an 
AftJ^decit. 

12BI0. CtoQL 909 niiurtaratlons. I1.M. 
Thb Mbchanio's Frhrhk A CoSeetMn of Rec^pts and Practical 
Suggestions, relatiti^ to AQuarisft-*lbtm£ing--€ement»— Drawing — 
I^r«»--Electridty---0i!dirig^-^laais*^oiWrig-^ 
qnBW«*''Lbcomotive»*^Ma^tietis m >*- M et4I-'Wor^ MdMBSis^f^ Phoc 
tography-<-Ppx>leehoy— Bail ways -^ Sojders — Steain«£tigine — Tele- 
graphy — ^Tazidenny-^Yamishes— Waterproofing— and Miscellaneous 
. Tools, . Instrument^ Hachioes, and Proeesses connected with^ the 
Che9iic«l R&d Mechi^ical Arts. By Wxi.i«|am>^ A^aar^ M.R.S.L. 

Harrispii*©^ Mechanic's Tool-Boole, , 

U maBttations. 12im>. Qoth. $1.50. 

Mkchanigs' Tool. BooKf with Practical Rules and Sqggestions^ for the 
use of Machinists, Lron Workers, and otheric By W. BL Harrison. 

Randall's Quartz Opeiratqr^s Hand-Book. 

* 12ma, Qptiu <ftoa 

<^AikTZ OFiBATO&'a Hand*>Book. By P. M. JUvttAuL Kew 
edition, Revised and Enlarged. Fully illustrated^ 
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SCIENtfPielBXiOkS PtrBLlSHED BY 



JoJ^iieoxr oil M^k^Wner ©taring.* 

The Mechanic's and Student's Guide in the desi^;iuiig and Con* 
structibnoi dreneral Machine t^earing, as Eccentrica, Screws, Toothed 
tVlieels, etc. Vand the Drawing of Rectilineal and Curved Surfaces* 
Edited by FsA^cis H. Jotnsojc. With J^S folded plates. 

SilverBinitli^s Hand-Boole. 

Wona^Wmmu lIItaslnilBd. nao, Ckibi $M». 

A Pba€ticaI' Hand^Bqok for Miners, Metallnrgists, and Assajert. 
Bj Jux;iU8 iSitYEItSHltjE. lUostrated. 

Sarnes' Submarine Warfare. 

;8to. Clol^ $6.00. 

SuBULARiNB Wabfare^ Defensiyb AND Offensivil Descriptions 
of the various forms of Torpedoes, Submarine Batteries and Torpedo 
Boats actually used in War. Methods of Ignition by Machinery, 
Contact Fuzee, and Electricity, and a full account of experiments 
made io determinate Explosive Force of Gunpowder under Water. 
Also a discussion of the Offensive Torpedo system, its effect upon 
Iron-clad Ship ^sterns, and influence upon future Naval Wars. By 
Lieut.-Com. Jo^n S. Barnes, IJ.S.N. With twenty lithographic 
plates and many wood-cuts. 

Foster's Submarine Blasting* 

«<v Clolfa. 13.00. 
ScBMABiKB Blastikg, in Boston ^drbor, Mlasaehaseits-^RemoTal of 
7Tew!6xrwd)Conrui Bedts. By Josx €r« Fos!BKbv U. JL Eag^and 
BH<.Mii$dB<<3ntral U* 8. Army. Witili ssven plaleg. 
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Mo^wbray's Tri*Nitro'GHycerine. 

9v{h CMh. Bluatn^ed. la.09. 
Tri-Nitbo-Gltcerine, as appti^d m Hie Hoosae Tunnel, and to Sub- 
marin#;Bl90^ng, Torpedoes, Quarrying, et&. 

Williamson on tlxe Barometer, 

0o. Clo^ • $11^.00. 

Ok the Use of the B^jkoxeter ok Sizbtxts and ftEComfAxs- 

SANCES. Part I.— Meteorolbgy in its Connection with Hypsometry. 
part II.— Barometric Hypsometry. By R. S. Williamson, Bvt. 
' tit.-C6l. IT. S. A., Major Corps of Engineers. With illustrative tables 
and engravings. 
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Wi]liaixu(otx'sMet0<>rol<>sical tables. 

Ito. flexible Cloth. $2.6a 

Practical Tables in Meteorology and HYPsoMETRY.inconuectioa 
with the use of the Barometer. By Col. R. S» Williamson, U.S.A. 

Butler's Projectiles and Kifled C^tiAoti. ' 

' . 4t9. a$ Platep, CMi. «7Jfa 

Projectiles Aim Rifled Caknoit. A Ci41SeaI Discussion of the 
FriBGipal Systdma of 'Rifling and ProJ^eiileSy Willi Ffeuoticid^ Stogrges^ 
lions for their ImproYement. Bf Cdpt JoKH £L BirfSBis^ OidRance 
Corps, U. S. A. 

Benet*« Ghronotscope. 

Second EflKfon. IQturtrated. 4toi dot^. 03.00. 

•I'll ,'p>* , -r' - "*!' !l_^' 

Electro-Ballistic Machines, and the Schultz Chronoscope. By 

Lt-Col. S. V. BENfcy Chief of Ordnance tJ. S. A. . 

■ • ' • - ■ ■ ' ' . 

Mich.aelis*' Cliroiiograpli 

4to. Illustrated. Cloth. $i(X). "'' '' 

The Le Boulbngb Chronoobaph. With three litho|^phed folding 
plates of illustrations. By Bvt. Captain O. E. Mighaelis, Ordnance 
-CorpS) U. S. A. - - 

Nugent OB, Optics. 

12mo. Cloth. 01.60. 

Trbatibb ok Optzos ; or, Light and Sight, tiieoreticaliy and practically 
treated; with the application to Fine Art and Lidustrial Fnrstdts. 
By E. Nugent. With 103 illustrations. 

Peirce's Analytic Mechaxiics. 

M. <5Ml 01^091 
Systehc of Analytic Mbghanics. By Bbnjamix P«iicb^ Pro* 

f essor of Astronomy and Mathematics in Harvard Unirersity. 

Craig's X>eoi2)aal System. 

Sqtiaie S2mow Llmp» Md 

WxidHTS AND MBASURESr An Account of the Decimal System, iirith 
Tables of Conyersion for Commercial and Scientidc Uses. By B.. P. 
Craig, M.D. 




Aiexander'is Dictionary 



and 



Ukitcbsal DicTioNABY OF WEfOttvs AKi^ MxAftisiftSi A^clflUt and 
Modern, reduced to the standards of the United States of Amerl^i. 
By J. H. ATjKxanpeb. - - 



Elliot's^ Kiirapean^ 'X^iglatt^Houaed. 

51£BgmvliigBaad21Wood-cate. Syq» Gloih. |S.OQi 
EvBorsAN LiaHr-HousB Ststsms. Being a B^ort oi a Tour of 
, Inspeetton madtt in laTS. By M«|or iiiioBOB fi. £&lioT| IL ft. 
Bngineem; 

. Sww>t:s Report on OojS^* 

Wittillapi. 9vo. Cloth. $3J0O. 

Sfscial Bjepobt oar Coal* ByJSLH. Swkkt— 
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Oolbum*s G^as Works offiondon. 

Gab Works ov Loxdo^ Bj ZfalA^ CoiAunXt^ 

\Valkefr*s Screw Propulsion. ■ 

•e?a doth. rSeentii^ 

K0TK8 ON ScBKW Propulsiok, its Bise and History* .By Capt W. B . 
Walkbb, U. S. Navy; 

Pooik on Shipbuilding. 

8vo. Cloth. mpiBtrated. $5.0a 
Mbthox> bv Paepasiko vhk Liites axd DRAxraHTuro Yxssxls 
Propellei^ by Sail or Stbah, including a Chapter on Laying-ofE 
on the Mottld-Ioft Floor. By Samuel M. Pooi^ Kiral Gonsftnietor. 

Saeltzer's Acoustics. 

: lSh» <Mh. tlOKr 
Trxatisb ok Acoustics in connection with Yentiiaftion. By Albx- 

AKDER SaBLTSBR^ ' "' 



Xlassie on^WoOd aiid it^i tJees. 

250 nlnstiiitldfks. 8m Cfodi. 11.50. 

A SUsDfRopK VOR TSB T^IsB OF GoNTRACTORS, BnHders, Architect^ 
Engipeers^/riiiiber, Jifychsnte, etc., with information for drawing np 
Designs and ^timates. 
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^ ^ WankXyn*s Milk Ai^L^lysis. 

Milk Axaltbis. A Ptadticidi Treatke oir tto lottnination of Milk, 
aiBi Jim Derivstivesr Cl^amr Btttter» lOid Cbeese^ 97 J. Aj^fi^l^ 
WA3ix£rK^ M.&C.S. 



Rice db Johnson's DifFerentiai Functions. 

Paper, 12mo. 50 cents. 
Ox ▲ NXW MATBOD OV OjlTiJiflKG t!0S SurrBBTOTIAliA 07 F9NO- 

TiOKS, with especial reference to the Newtonian Coneeptio^cii Batii 
or Velocities. By J. Mixot RiCK, Firot. ot Mathematics, U. S. Navy, 
wid W. WoocBEir J'odir^^i, Ph>f. of Maihemafics, St. John's 

College, Annapolis. '•" ■ ■'^■- .-'/f .. 
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Oo£lin*s Nayiga'tion, ^ . ^ 

Filth Editioii. 12no.' aoth. tS.oa 

Nayigation and NAtTTiCAL AstttoxoBcr. P^pared for the use %f 
the U. S. Narfl A^Mieipf • : % .J.^Q^.C^. Cof^^i^ ^fessor oi 
Astronomy, Navigation and ^Hvveyi^ ; with 52 wood-cut illostra- 

tioM* . • ' . w \ 



Clark's Theoretical Navigation, 

8ya Cloth, . $3.00. 

Tbcorbtkzai. NATiGATKMr AKo Naxttioa^ A^TB.oiiOicir. ' PyXi&wiS; 
CuLRKf Lient.'*Commancler, U. S» NaTy^; BJpstrated with 41 wood- 
ents^ itidiiduigth^ Vernier. "^ ^ r 



Toner's Dictionary or Elevations, 

■. - ' ' ' ■• 

8yo. Fapfir,$3.00 Cloth, $3,75. 

■ •'■-'•■'''.* 

IhcnrZONABT C« SL|ll^TfOX/^> 42fJ», ClUTMA^ OF THI 

United States. Qoutainiqg, ip addition, to Elevations, the Latitude*, 
Mean Annual Temperature, and the total Annual Bain Fall of many 
Localities \ with a brief Introduction on the Orog^phic'laiitif Aiydci^ 

FteuliiEirities of North America, fiy J< M. To^sr, M.!). ' V 
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SCIENTIFIC BOOKS PAJ(^ISHED BY 



VAN NOSTRAND'S SCIENCE SERIES. 



»..^ »■ ■ > 
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It ifl the intentioa el thePabUsiitfr ccf tiii» SeiiesB to issue them at 
iuterrals of about a montii, , Xb^ vW^be put up m a uuiforiQ,.7ieat, 
and attractive form, 18mo» fancy boards. The subjects will be of an 
eminently seientifio ehsraoter, and embrace as wide a range of topics ai 
possible, all ef the highest character. 

Fadcer 50 Ceiati BaciL 

L Cbimn£ts for Furnaces, Fire-places, akd Steam Boilers. By 

B. ARSfSTB02«i^, C.£. 

n. Steam Boiler Explosions. By Zerah Colburn. 

HL Practical DEBiONiNO.0FBETAiH<Ki^WALL9. By Arthur Jacob, 
A.B. With Illustrations. 

lY. Proportions op Pins Used 12c Bridges. By Charles £. 
Bender, C.£. With Illustrations. 

V. VEKTiLATf OK OF BUILDINGS. By W. F. BuTLEB. With Ulustralions. 

YI. Oh in^R Designing Airb CoNSVRire'TioifOv Storage RE8i»ln>iR8. 
By Arthur Jacob. With Illustrations. 

yH. Surcharged and Different Forms of Retaining Walls. 
By James S. Tate, C.E. 

YIII. A Treatise on the Compound Engine. By John Turnbvll. 
With Illustrations. 

IX. FuEf*. By C. William Siemeks, to whish is aj^nded the value of 
Artificial Fubls as Comi^ared with Coal. By John Worm* 

ALD, C.E. 

X. C0MP0T7ND Engines. Translated from the French of A. Mallet. 
Illustrated. 

XL Th7:ort of Arches. By Prof. W. Allan, of the Washington and 
Lee College. Illustrated. 

3^1 A PBACTiqAL TnEORTipv yo1JS80^t Abghes. By W114.1AM Cath, 
C.E. Illustrated. 




Xin. A Faactical Tbratisb ok thb Gasbs Met With in Coal 
MiNBS. By tiid lat^ J. J. AmuxBOiXi Gorernmefit lui^peotor of 
Mines for the County of Darbftm, England. 

» * 

Practical Treatise on the Gases mei wiA in- Cofd Jiii^ea^" - 

XY. Skew Arches. Byrtofk^iL.:\¥UHKiu^ C.£. Illustrated with, 
numerous engravings and three folded plates. 

XYI. A Gbapqic Method fob Soltin« Cebyaxk AxoebHaio B^ua- 
Tioxs. By Prof. George If. Yosb. With Illustrations. 

• ■ J > ^ . 

XYII. Water and Water Suiwi»t. By Prof. W. II. Corfield, 
M.A., of the University Coliejje, London. 

XYIIL Sbweragb and Sewage Utilization. By Prof. W. H. 
CoRFiELD, M. A., of the University College, London. *^y 

XIX. Strength op Beams Undbr Transvbbbe Loads. By Prof . 

W. Allan, author of "Theory 6f Arches." . With UluSferatioBS 

XX. BmiDOB AND TtjimKM* CBNXRiBa* By. Joinr B. .MeMASTtRS, 
C.£. With niustratioQft: • ; 



XXI Safety Yaltes. By Richard H. Buel^ C.E. With Blustra- 
tions. 

XXn. High Masonry Bams. By John B. McMasters, C.E. 

With Illustrations. > "^ '^ ' '' ' 

XXm. The Fatigue of Metals under Repeated Strains, with 
Yaviotii^ Tables of Bettdtt of JB!C]^r!ments. From iM German of 
Prof. LvDWio S^kNGENBERO. ' With a Frefaoe by & H. SankvE, 
A.M. With niustrations. 

XXIY. A Practical Treatise on thr Teeth of .Wheels^ with 
the theory of the use of Robinson's Odontograph. By B. W* Robin- 
son, Prof, of Mechanical Engineering, Blinois Industrial University. 

XXY. Theory and Calculations of Continuous Bridges. , By 
Mansfield MERBntAN, C.£* With Illustrations. 

XXVI. PfeAcncAL TitEATiJak on the Propi^ties op ■ Continuous 
Bridges. By Charles Bender, CE. 



XXyiL Ok Bohjekb Incbustatiok ajxd Corrosion. By J. V. Rowan. 

XXVni. Oh TraksmibSi^ iiir ^cwik- ir -^isa ^pb. By Albert W- 
Stahl. 

AXjJL ilNJxcTOBS :. T^^K"- TBBOsr AjiQ UsK^ • Translated, from the 
THencH of ?*. L«ni Poticliet: < } /I •; / '' 

XXX. TESJKmBm^ ViMmfmit A!l^ iBBSfK Ships, 

By Professor Fairman Rogers. 

XXXL Thb SAintABT CoNDrnQK op Dwsiajko Houses in Town and 
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Heating wxd Yexxtilatiq©. iix its ]E?ractiq5tl Ap- 
j^UoialiOu lor t^ IJ&ms of BngiiieexTs and 
Architects* 

Embracingtt'Sedes of%*8fo1es and ^Wnt^Amicft dimcnsfons for Heating 
Flow and Return Plp^^ for Steam and Hot ^ Water Boilers^ Floes, etc., 
-etb.' ^'F, Sfckunuinn, 01 Er ItoI, Idmo. Illustrated. 
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A Oni^e M><if3^ TieiBwmm^d^oBL of Bocks- 
Being ap lAtroducU9ja,0,Liyic^Qgy. ;' ^y Bl^wwsd JsLiomim^ Pqctuer des 
^^Qiences. 'translated Irpjpa tlw^yrendbi^b^^^ yiympton, ycofiMh 

jsqjr of Pby^ical 8<^i|ence^ BrcK)kly»; Polytechnic InstituMj, , Umq. , 



Shield's Treatise on Bngiaeerins 

Opiistarp,oti6ii» 

•* - - . ■ 

Eiiifbri^iffgDisettlssldnt of^ihePi^icipies iayc9v«4%iid I>e8erf^i<^s the 
' l^BUkn^ ^ployedin ^unndling, Bl!^klging» Canal and Road Build- 
ing, etc., etc. .':■■■ ■/ •' J- }.\ . ;i f • .;a- ';■;.- •' 
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Any Book in fhis Catalogue 8<kt f^ liy inill on i^i|r(^ of ^e. 
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Benton's Oi^^gtnpq,an<i^.Ghinnery. 

P<mrth edition, Revisdd ^(f^iilikis^ kroi Clot!i. S5.00. 

Obdnaxce and Gunnery. A-CotHf«6 of Instruction in Ordnance 
andCrunner^. Compiled fortiie use of the Cadets of the U. S. Military 
Aeademy, by CoL J. Gr.^NiH)N, M«i}ordr<lhaitce D^£)(.', lat^'IiiAfi^uSst^r 
ofi^d^oos aiul ilai]mer|^\Miyita^^ At«;dKim5!,.;Wcar:B;Aak>;Ji2^us- 
trated, . .ci.i : ox . A^ >;: A 

- Holley*© Ordnanoo aad. Arraor* 

A Treatise dN QftDKXNCS aKd Araxor^: '\yith.aiLiA]^)€iidi^i refer- 
ring to Gun-Cotton> Hooped Guns^ etc., etc. By Alexander L* Holley, 
B. P, With 493 illustrations;-"&iapa5es. 

«tx>: Htif R!oto,$6,O0t. Half Ibus^ $aOO. FuUMdroccb^ SiOf.Obi ; 
MiifTASY DtciiONAitY. Comprising Tieehnical I^efinitions \ Informa- 
tion ott Raisinj^ and Keeping Tfoops ; ^^i Got^irhment, * BiBgu- 
lation, and Administration relating to Land Forces.. By Col. II. L. 
Scott, UJS.A. IvoL Fully ilJjidtrate<L 
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Roeiner^s Caivali^y^' 

8«<9. Gli^^Oa HaUCalf;$7US0. 
Cavalry: Its History, MAi^AOEMEK^, and Uses in War* By J. 

l^jit^; ;£;)eg)wj^yiU!i#n^^ f^fi Mbimdt<^diiki}d .^ir^^nlgr-ft^^^wfeo 
wood cng^vings. Beautifully printed on tinted pi^r. . ; : < >;> , .;i 
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MILTTAnr BOOKS PUBLISHED BY 



TheXtK BoutE»G« CttHoxoeRAPH. With three lithographed folding' 
plates ©f iUusteitioiis. By Breret Oaipt. O. E. Mlchaelis, First Lieu- 
t€'£umt- Ordnance Corpd, IT. S. Army. 



Benet's . Clironoscope,^ 

Second Edition, inootreted. 4to. Olottt. $a<Ky. 
Electro-Ballistic Machines., and the Schultz Chronoscopc. By 
Genl. S. V. JJene't, Chief of Ordnance, U. S. Army. 



Doifour's Principles of* Strategy and Grand 

Tactics. '^ ""^^ 

12ino. Cloth, $5.00, . 

* *'■•,' 

The Prixciples op Strategy a^d GnAino Tactics. Translated 
from the French of General G, IL Dufour. By William P. Craighill, 
IT. S. Engr. y and late Assistant Professor of Engineering, Military 
Acad^ny, W^st Point. From the last French edition. Illustrated. 
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Jomini's I-ife of the Emperor Napojeon. 

4 Tols. 8tow, and Ailas. Cloth. Half Calf. 

MiLiTAAT AKB PiiuticAi. Lnqfr or vtfn BxnfRoa Nai^lkox. By 

Baron Jomini, .Gei^ral^u^l^ef an4 Aid?dQ-Ca|ig> to tiie Emperor cf 
Jlussia. Translated from th3 French, vith Kotes, by 11. W-HaHeck, 
X'L.I)., Major-General U. S. Army. , With CO Maps and Plans. 

Jomini's Campaign of Waterloo* 

V Thbd£ditioib lamei CkHii. <^t.e!>. 
The Political Ain> Military HiSTon^ ov the Campaign or Wa- 
TE]»U90* Translatod from the French of Oetierftl Banm de Jomkki^ by 
Genl. HV. Ben^ty Chief of Ordnance^ 
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Jomini's Graind. Military Opea^ationsi 

2 Yob. 8vo,, aud Atlas. doHi, $15.0(1 Half Calf or Horocoo, $21. Htilf BuiBia^ 
. ? . • " ' ■ • $22.C0, ' * ' 

Treatise on Grakd MtLtTARY OwKRATioifs.' Kltkdtrated by a Critical 

' and MiUtttty 'Htstory of the Wars of Fi^eiKck the Gt«ati With a 

S^offioiary o£ the Most Important Ptinoi^lea of the Art of War; By 

Baion de Jbmini. ' TlltHstrated hf Maps Hud Plans. TranslKted'from 

thoFrenchbyCoL'SvBiHolabitdj A.ilkO*vUrS. Aimy, - ^ 
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Boyal8vo. mustinM wUh ChroBK>*);i^bCBrapl!^ Extra Cloih« $7,5a 
£rsiuix.ADE TO OANaN^^wsbhliie Sec0.»d Pr^kgoonsi (Seooud U.'S^ Cav- 
ftlTy)i«n auUien^ic account of service in Florida, Mexicb> Tirginia and 
the Indian Country, including. ;Pex8onaI lUoQUections o.£ dE^s^ng^ished 
Officers. By Theo. E« JElodfiiibough, Colonel and Brevet Brigadier- 
General, U. S. Aa?»^. 






History of Brevets. 

. Grown ^o/ Extra Cloth, $3.50, ^ 
Thk Histort anbL^gal Effbjcts op BbeVhits 111 the Arhiies of 
Great Britain and the United States, from the origin in 1C02 untij the 
present time. By Geiw«]^ame8 B. Fry, tJ; S. Army. 

Barre Duparcq's Military Art and History. 

Element^ of Militant Art aioS History. By Edward de la .Barr<S 
Duparcq, Chef de Bataillou of Engineers in the Army of France,' and 
Professor of the Military Art in tho Imperial ScHbolof St; €yr. 
Translated by Colonel Geo. W, CuUum, IT. S, E^ 

Discipline, and I>iill' of tho Militia. ^ 

CroWn ain*. ' J'lcxibl* doth. |3.o6. 

"fHB bisciPLrNTE AND Drili* OF TOE liliLiTiA. By Ifajof Frank S. 
Arnold, Assistant Quartermaster-General, Rhode Island, 
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Wallen-e Service MaainaL 

SlERnclc ManuaI for the It2«taictioti of.neirlyjappointed Comxnisaioned 
Officers, and the Rank and FBe of the Army^ as eompilo^ frottik Army 
Regulations, The Artit^es ©f War, and the Customs of Service. By 
Hemy D. Wallen, Bvt.BlrigadieJ-Geiieral U. S. Arany. 
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Boynton*s History of West Point. 

BsafoRY or Wesv P'CBq^I And it» MUittiry lo^k^taiK^ the 

Am^dian Bevointionr <«id.the ^O^^la aM Frogi<efl»( e^ tlier United 
. Slates .MHltery ADudomy. - Br Bv!b./Mf^jviJdvardC^fBpytitoii<. A. M., 
AdjutaAt of the,MiUta,ry Aic^enpiy. WijthSO Mj^p« ^d.fingi^V4l«^ 
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V 3t<ii. l^tm CMau :^m : 

Songs, &c. By Lieut O. £. Wood« U. S. A« ; WMhj69 vo^d^cut 
Illustratioas. Beautif olly^ piintod on tinted pap^. 
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Webt Pomt Life. 

OUo^ 8yo. Qoth. $$i.50. 
WEdT Foi:7T X»iF& . A Poem r^ad beiioxe ^vIHalectie Society of the 
United States Military Academy. lUnstrated "witk twenty4wo ^nll- 
ps^ Pen and Lik Sketches. ^ Jl CadeL- To which is added the 
song, "BeDny^Harevs, Obi'' 
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GiXlmore's Fort Sizjnt^r. 

Gillmore's FoftT SuMTfiu QfiMal;Ke|)QStpf OpieFiktions f^ipst the 
Defences of Charleston .Harbor^ 1S63,. ^Comprising the descent upon 
Morris Island* ^th^ Demolition ot Fort Sumt9r> a&d thesic^eund 
reduction of Forts Wagner and Gregg. By Ma j .-Gen* Q. A. Gill- 
more, U. S. Engineers* With 76 lithographic plates, views, vasj^ etc. 

'. • ■ • I" .■ 

GUllnxore^ar Supplementary Report on Fort 

8vo. Cloth. ^6.00, 
Supplementary Report to the Engineer and Artillery Operations 
against the Defences of Charleston Harbor in 1863. ^yJvIaj.-Gen. Q. 
A. Gillmore, U* B* ih%uieiei*8. With Seven I^ith^aphed Maps and 

Views. ■-'•=■>.. 



^ Orillnxore'^ Fort Pulaski. 

Hvo, Cloth, $2.50 ^ 

Siege and REppcviON p^ Fqut Ppl^skx, GwWLfu. > By Maj.-Gen. 
Q. A. Gillmore, U. S. Engineei-s. Illustrated by Maps and Views. 

Barnard and Barry's Report. 

8vo. Cloth, W<XL 

Report of the Engineer and Artillery Operations of the 
Armt GFiTiiE^-PotcriiiAC, froiti Its ^rganizfttioti 'to the Close of the 
Peninsular Campaign. By Maj.^en. Ji G: Barnard, U. S. Engineers, 

. «»* M*i<«ko- W.^^Barrgr^ Chi*f..<>£ ArtiUoiy. Jlhistrated by 18 
Maps, Flans^i&e..' .\-. --v. ■.-.' .... .i .. •.'/.; 
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•'Map»«nd Ettgra^iiiffB. ''• - '-' •' -••- f'-^ '■^' f^v■''^^ 
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Barnard's C. S, A.rand tHe ©stttle of Bull 

The « C. S. A.," A«rD th* BAtttfe' or Btrtt Buir. Bjr Maj .-(kn. J. G. 
Barnard^ U. S. Ettg^n^irs. With fl^ M^ 

Barnard's Peninsular C^aosijpaigifc. ^ " 

Sto« Qotfe' I^LOOi. '"ISmo: ftp^. 90c. 
The Peninsular Campaton jikv its Ai^tlsdebKNti ,' as developed by 
the Report of MaJ.*Oieri/ Geo/ B. "McClellkn, and other published 
Bocttment*. ByMalj.-GcfB; J»:<JiBii^^rd/U;'Sr5:ngfisfe^rifc. ' 
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Barnard's Notes on Sesi-Cbstst Dfefenc^. 

8vo. Cloth. $2.00* 

Notes on Sea-Coast Defence: Consisting of . Sea-Coast Fortifica- 
tion; tlie Fifteen-Inc^ Gua; and, Casemate Embrasure. ^Biy Ma]<?!i> 
Gen. J. G. Barnard, U. S. fl^gioiNir^*: With an engraredi Plate of 
the 15-inch Gun. : 
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Hexiry's Military! Record of : Oilrilian; - . 
. Appoitttixients, U^ a. A... 

2 Vols. 8vo. Cloth. 1^10.00. 

Military Becorp of C;[viliak Appointments in the United 
States Armt. By Guy V. Henr^, Brevefc^Colonel M. S. A, 



Harrison's Pickett's Men." 

ISmo. Clothl S2.06. 
Pickett's Men. A Fragment of War Hi^torjr,. By Ccl.. Walter Har- 
rison. With portrait of Gen* Pickett. 
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Todlebe^'^ Defence of Sel>ftst^ppl» 

12mo., .CUMh.; IS.OO. p ; 

TODLSBBN^S <GenB&AL) HlSt^BhT OV T|I£ ]>E««Nidi: <ir 8€M8Tb(ML. 

By William Howard Russell, LL.D., of the London Times;' ' . ; 
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Hotclikiss and Allan's Battle of Chancellors- 

ville. • 
'9»<k doth. i»m, ' - 

The BATTLE-Pi«LDS OP Virginia. ChariceflotsviHe, embradng the 
i^rfttfoQd of thft Arm^^f Norttrtwt'Viirginia. From the Fitst Battle 
of Fredericksburg to the Death of Lt-Gen. T. J. Jackson. By Jed. 
Ilotchkiss and William Allan. Illustrated yith five Maps and For* 
trait of Stonewall Jacksoii; - » • - 



Andre"ws' Canx-pyai^n of Mobile* 

^f%h Cloth; $a56L • 

Trb CAUPAiGti or ^Mo^Lic, inoliidkig the Oo-bperatk)!! ' of Gretieral 
Wilson's Cavalry in Ahkbama. By Brevet Mij^^G^. C. C. Andrews. 
With ^Y^ Maps and Views. 
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Stevens' Three X^^a?©. in tfce Sixth. Corps. 

New and ^Tised Edition, 9?Qb Cloth. $3.00 

Thueu YEiVBS' in the Six,th Co^ps. . A co&«i$e narrative of erentsin 
the Army of the Potomac from 1S6I to the Close of the Bebellion. 
April, lSd5« By Geo. T. Stevens, Surgeon of the 77th Eegt. Kew 
York Volunteers. Illustrated with 17 engravings and six steel portraits. 

Lecomte's War in the United States. 

• 12ma Cloth. 1^1.0a 
The War in the United States. A Report to the Swiss Military 
Department iy Ferdinand Leoomte, Lieut.-Col. Swiss Confedera- 
tion. Translated f rdxn the French by a Staff Officer. 



Hoberts' Hand-Book of Artillery. 

IGino. Morocco Clasp. $2.0a 

Kand-Booi^ of Abtilleuy. For the service, of the United States 
Army and Militia, Tenth edition,. revised and greatly enlarged. By 
Joseph Roberts, Lt.-Col. 4th Artillery and prevet Ma j.- General U. S. 
Arnay. 



Instructions for Field Artillery. 

12mo. Clotli. $3.0a 
InstriTctions roR Field Artillery! Prepared by a Board of Artil- 
lery Officers. To which is added the "Evolutions of Batteries," 
translated from the French^ by Brig.-Gen. B. Anderson, U. S. A. 122 
plates. 
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12I110. . Clotih. $2.Ga 
HxATt Abtillert TACT](S9i«--ld69v Jjus^ructions for Heavy Artillery; 
prepared.by a Board of Offioers, for .tlio use o^ tha Army cil^thQ United 
Statea. Wiih^senrice^ ^a gOQ ZKUNiated on an inm^^arriaga a«^ 3d 



pl^tos. 
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Andersons' Evolutions of Field Artillery. 

~ -2Ama^ Cloth. $1.0a 

EvoLUTioxs or Field Batteries op Autillbry, Translated from 
the French, and arranged for thd Anfty and Militia of the United 
States. By Cren. Roberlr Andei^son, U. S.A, Poiblished by order of 
the War Department. 33 pktes. 



Duane's Manual for Engineering Troops. 

Manual for "EjfeiineER Troops : febhsisting'of^Parf I. Ponton Drill; 
II, Piactical Operationsof a Siege; III. School of the tSap ; IV. Mili- 
tary Mining ; V. Construction of Batteries. By General J. 0'. Dnane, 
Corps of Engineers, U. S. Ariny. With Id plates and numerous wood- 
cut illustrations. - * 



Cullum^s Military Bridges. 

8vD.. Cloth. S3,60, . . 
Systems of Military Brxdgi^3; in use by the United States Army; 
those adopted by the Great European Powei s ; and such as are em- 
ployed in British India. With Directions for the Preservation, 
Destruction, and Re-establishment of Bridges* By Col. peorge W. 
CuUum, U. S. E. With 7 folding plates. 



^eiideir^ Military Surveying.' "''\ 

l2mo. Cloth. ^.00. 
A Treatise ox Military Surveying. Theoretical and Practical, 
including a description of Surveying Instruments. By G. H. Mendell, 
Major of Engineers. Witti 70 wood-cut illustrations. 



Abbot's Siege Artillery Against Ricliniond. 

Svo. cloth. $3J5a 
Siege Artillery ix the Campaigx Against "Richmond. By Henry 
L. Abbot, Major of U. S. Engineers. Illustrated. 



-t«* 



» MILITARY mfUKS PUBLISHED BY 

Hoapt's Military /Br idieesu 

gage Trains ;f ^A^UggeslMM of many nchr expadienta and oonitnic- 
tioiia ioriai^Mai^g'ati^atiis and ■ ohasms* Induduig. ate . dwii^ r&r 
IVestle and Tra^^firidges &r llilitaary Bailnia^By adapted spMiaJiy: to 
the mhts of tbe Serrioe ol the Uuhied JState& By Hermaa Hliupt, 
Brig.-Gen« U« & Jki^ antbor of *^€leiieMl Theory of J$pridg>e<i}cm8t]tec- 
tions," &c. Illustrated by Od Hthographic en^arings. 



Lendy's Ma^cims and Instructions on the 

Art of War, 

18ma OoCh* 75o. ' . 

Maxims an^ IicsTRVcnoNS ox the Art 6v War. A Fraotical 
Military Guide for -the use of Soldiers of All Arsis and ^of all Coun- 
tries. Translated from the French by Captain Leady, Director of the 
Pr^c^ll^ityy^i^oUpgj&.^l^of the^ ^ 
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Benot^s l^Iilitary lLa,i^ i^ind CoT:irts-Martial.*! 

SUth Editipn, JteyW and Eniaiged. 8.vo. Law Sheep. S450i .4.^^^ 
Benet's Military Law. A Treatise on Military Law and the Prac- 
tice of Courts-Martial. By Gen. S. V. Bendt^ Chief of Ordnance U. S. A., 
late A^sutaat PfQfessor.of Ethics^ Law^ &c.,. Military Aca4en^, West 

Point 

- 

Lippitt's Special Operations of War. 

lUustiated. ISmo. Cloth. $LOa ' ■ 



t.ippitt*s JFieJd Service in War. 

12ma Cloth. $1.00. 



^ ^ ^^i^mt^ ■ ■ ^^i^— p^i^N»w*fc^ 



Xii^pitt*B Tactical Use of the Threei Armau 

* • 121110. Ctoth, fti.oa , 

Lippitt on Intrenclixnents. 

;^l SngraTiagA ' 12^a Ooifa. $1.21 

m il > I ^ ■<« > >» « ii ' f ^i I t" ' ■ 

KoHon's New Bayonet Exercise. 

. .; , fUthJ^ldUioiu ^eTiflod. , X^ow Cloth. .ij^iJ^ 
New Batone!t £xEttci$s. A New Manual ol the, Bayonet, for the 
Army ^amd Mili41ft o^f. the United S<iat^s» % GeneHj J, C« Keltop, 
U. S. A. With.*gt:liwjfttif\i%.flRgrAy^dl?Ute9, , 
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CTaig;hj^Vu:^T::^axy',<^ jOoxor^anion. 

19mo. FuH Boaiu . f 2.00. 

Std^- Officers in the Pi^i Partly truAMikt^rfrdm tlw^i^Eceneb jof 
M;: 4e Rou^ey I^ent^CoL ol .tfae\Frei>oh Sti^ ^ojrpcb vttK ladditiotis 
from Stodard Ameileaxi, Fxendb^ atid :^giyk iiui^rilitei £^ Wm. 
BrCraigkill, Ifajor U« SL CcOrps ot Engineen^ late Assistant Erofessor 
:<i££ii^e^D^ at the" U. S. Mlitary Acadenijs^WestTQ&iik 



r»jt' 



Casey's tJ. S. Infantry Tactics. 

3 vi4& 24ma : Cloth. $2.5a 

U. S. Infantry Tactics, fiy Brig.rGen. Silas Casey, U. S. A. 3 vols., 

24mo. Vol. I. — School of the Soldier; School of the Company; In- 

atrneli0n for SkJrmisheM. VoLIL— School of ti^ Batmiou. Vol. 

:IIL>-^:f;votlu1^oiis of, a Brigade 5 Byolutions of a Corp^ 4'Avmj^e. 
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Unitea States Tactic^ for Colored Trobps. 

24ma Qoth. $l«l 
U. S. tfACTics for' Colored Tboop». U. S. Infantly Tactics for the 
use of the Colored Troops of the United States Infantry. Prepared 
onder the direction of the War Bepartmetit. • 



Morris* FieM Tactics foi* Inftbiiti?y . 

lllustiiited. 18mo. Cloth. 75c 
Field Tactics, j-or Jnfanti^y, By Brig.:Gen* J^Vm..]B[. MorriB, U. S. 
Vols., late Second U. S. Infantry. . . , , ; ' 

Monroe's Lijglit Infantry and Oompai^y Drill. 

' 33mo.'lQoth. 75c. ' * '' ' 

Light Infantry Company and Skirmish Drill. Bayonet Fencing ; 
witii a .l^pieme^t 6n t^e Handling atid Setyiee Jbf i«ight Jpf ^jtitty. 
By J, Monroe, Col. Twenly-Secood Begiment, N. G., N. Y. S. M. for- 
merly Captain II. S. Infantry. 
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Berrin^an's Sword Play. 

Fourth Edition. 12mo> Cloth. $1.00. 
Sword-Play. The Militfti^ati's Manual and Swotd^Play without a 
Master. Rapier and Broad-Bwdrd Exerdises, cOpiotiily explained and 
illustrated; &nall-Aritt tight Infantry^ Drill ol th^e United States 
Army ; Infantry Maiiual of P^«ussi^n'Mt6ket ;- OoflipaiiyDriHaf the 
United States Cavahy. By Majoi: M. tf . Benimatt. ' ' 
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Mortis* Infantry Titles. 

2 vols. 24mo. {12.00. 2 Tob. In 1. Cloth. $1.60. 
hfPANTBT Tactics. By 18rig.-Gen. William H. Moriis, TJ. S. Vols., 
und late U. S. Second Infantry. 



Le Gal's Scliool of €lie Guid^s. ... 

16mo. Cloth. 60c. 
The School of the iGruiDES. ' Designed for the use of the Militia of 
the United States. Bjr Col. Eugene Le Gal. 

I>nryea's standing Orders of tlie Seventh. 

Regiment. 

New Edition. Ifima iCloih. 50c. 
Standing Obders of the Seventh Reqimekt National Guabds. 
By A. Duryea, Colonel. - 

H>0th'8 System of Tai^et Pi*actice. 

ISbko. Clotii. 70c. 
System of Target Practice ; For the use of droops when armed 
with the Musket, Rifle-Musket, Rifle, or Carbine. Prepared princi- 
pally from the French, by Captain Henxy Heth, Tenth Infantry, 
U. S. A. 
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Wilcox's Bifles and Rifle practice, 

Kew Edition. IlUmtiated. Sfo. (^loth. $2.00. 
Rifles and Rifle Practice. An Elementary Treatise on the Theory 
of Rifle Firing ; with desgriptions of th^ Infantry Rifles of Europe 
and the United States, their Balls and Cartridges. By Captain C. M. 
Wilcox, U.S. A. 



Viele*© Mand-Book for Active Service. 

12mo. Cloth.- $1.0a 
Hand-Book for Active Service, containing Practical Instructions in 
Campaign Duties.. For the, use of Volunteers. By Brig.-Gen. Egbert 
L. Viele, U. S. A. 



Nolan's System for Training Cavalry Horses. 

a4F1ates. doth. |^.€0. 
NoLA«[*fir Systeh for Training Cavalry Ht>RSEs. By Kenner Gar- 
rard, Bvt. Brig.-Gren. U. S. A. 
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Arixold'B OqbYa^lry S^pyi^?^. 

Illustrated 18mQ. Cloth. 75c. 
NoTiSS ON {I0RSE9 FOB Cayai^iiy Servick, embodying ijae Qu9<Ut^f 
Purchase, Care, and Diseases most frequently .encpuuiterecl, vith lesspns 
for bitting the Horse, and bending the nect. By Bvt. Major A. K. 
Arnold, Capt. Fifth Cavalry, Assistant Instriictor of Cavalry Tactics, 
U. S. Mil. Academy. - 
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Copko's Cavalry Practice. 

100 lUustiations. 12mo. Cloth. $1.00. 
Cavalry Tactics; Regulations ior the Instruction, Formation and 
Movements of the Cavalry of the Army and Volunteet-s of the United 
States. By Philip St Geoyge -Cookie, Brig,-Gen. U. S. A. 
This is the edition now in use hi the U. & Army. 

Patten's Cavalry r>rill. ! ^ 

93£ngraTinga...l2m0^ Piajiex. .50c 
Cavalry Drilu, Containing Jnstmctioua on Foot ; InstruiMlons on 
Horseback ; Basis of Instruction 4 School of the Squadron, and Sabi'e 
. Kxercise. , , . . . 



Patten's Infantry Tactics. 

t)2 Engravings. 12ma Papers 60c. 
IxFANTRY Tactics. School of the Soldier ; Manual of Arms for the 
Rifle Musket ; Instructions for Recruits, School of the Company ; 
Skirmishers, o\ Llghi Infantry and Rifle Compafty"^ Movements ; the 
Bayonet Exercise 5 theSmall-'SVoifdEaeerdse; Manual Of the Sword 
or Sabre; ^ , : 



Patten's infantry Tactics* 

Revised Edition^ iOO Engravings. i2mo. Paper. 75c. 
Infantry Tactics. Contains Nomenclature of the Musket; School 
of the Company ; Skirmishers, , or Light Infantry and Rifle Company 
Movements; School of the B^ttalio^ ; Bayonet Exercise ; Small Sword 
Exercise \ Manual of the Swprd or Sabre, 



Patten's Army Manual^ 

8vo, Cloth. $2.00. 
Army Manual. Containing Instructions for Ofl$c?rs inthe-Pcepai^tlou 
of Rolls, Returns, and AceojmtSii^equired of Regimental and Company 
Commanders, and pertaiiung tp the Subsistencfs and Quartecmast^r's 
Department, &c., &c. 
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MILITARY BOOKS PUBLISHED BY 



Patten's ArtiUery l>rill/ 

12mo. F^wi. 50e. 
ARTU.LERT Driz,l. Containing instruction in the School of the Piece, 
and Battery Manoeuvres^ compiled agreeably to the Latest Begulations 
of the War Department From Standard Military Authority. By 
George Fatten, late U. S. Army. 

. 

Andrew:^' Hints, to Com^^ixy Officers- 

18ma Cloth. GOc 
HlXTS TO COMPANT OPFICERa ON THEIR. Mu.IT ART DUTIES. By 

General C. C. Andrews, Third Begt, Minnesota Vols. 



Thomas' RifLed Ordnance. 

Fifth Edition, Heyisod. Illustrated. Svo. Cloth. $2.00. 
RiFLKD Ordnance ; A Practical Treatise on the Application of the 
Principle of the Rifle to Guns and Mortars of every calibre. To which 
is.addfidanewtbeory of tho initial action and force of Fired Gun* 
powder. By Lynall Thomas, F. B. S. L. 



Brinkerlioff 's Volunteer Quartermaster. 

12mo. Cloth. |f2JSa 
The Volunteer Quartermaster. By Captain R. Brinkerhoff, Post 
Quartermaster at Wasbingtoo. 

m \ I ■ — I ■ ' »■ ■■ 

Hunter's Manual for Quartermasters and 

ConxmissariQs. 

12ma Cloth. $1.25. Flexible Morocco, $1.50. 
Manual for Quartermasters and Commissaries. Containing 
InstructiMis in the Preparation of Vouchers, Abstracts, Returns, etc. 
By Captain R. F. Hunt^, late oi, the U. S. Army. 12mo. Cloth. 
•1.23. 

Greener's Q-unnery. 

Sva doth. $4.00. FuUCalf. $6.0a 
Gunnery in 1858. A Treatlse.on Rifles, Cannon, and Sporting Arms. 
By \Vm. Greener, R. C. E. 

Head's System of Fortifications. 

niustratecl. 4to. Paper. $J.O0l 
A New System of Fortifications. By George E. Head, A. M., 
Capt Twenty-Ninth Infantry, and Bvt. Major U. S. A. 
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Experiments on Metal ibr Cannon. 

W 25 Plafe«: ' Ctoth. 5i<i.e^' V 
Bbpobts of Expebimexts on the S'rafexoTH and OTfiEiit Properties 
OF ilEf Ats FOR Ciii^OK'} \rith & Desciffptiori of tlie Mochixidd foi- 
Testing Metals, and ot tlie ClaBsificatic^ of Can^oti Sh iService. fiy 
Officers of the Ordnance Depiittmeiit U. S. Aliny. Ihitblished Ly author- 
ity of the Secretary of War. 
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liodman*^ Exp^:p»lin<ints o'ii: ^ M#taM' fbl^ Can- 
non and i^owder* 

4to. eO Plates. Clotfcf. ftfiiiO. -^ ' 
IIeports op Experiments on the Properties' of I^^etals for 
Cannon and the Qualities op CannoK Powder; with an Ac- 
count of the Fabrication and TVial of & 15-ihch Ouff. By Captain T. 
J. Rodman, of the Ordnance Department irf tT.'S:'Aifmyi ' Publisjied 
by authority of the SedriBtai7 6i Waf . ^ ^ ^ a v 
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Norton's RepdH oii tlie Miitiitiotis 6f War. 

80 IHusteadoBS. 8vo. cfotb.' fettw. $ft(»i- ^ ' - • ' 

Report to the Government of the United States on the Mu- 
nitions OF War fe^fftted at "fh(J Paris tlnJvertKttl Exlifbftion, 13G7. 
By Charles B. Nortec, U. S. Y.', tffad W; J. Valentine^ Esq. , U. S^ 
CommisBioner^. - ♦ '/;..-. 

Lieber's Instructions for Armies. 

• ""'■' '• ' "'-121^0. ' Piper; 25eefoti;' -i.if^ - 'r- »►-..,: . 

I 

Instructions for the OoyteRNMENT pr^AiiMfEs of the U. S. in the 
Field. Prepared by iFrancis Lieber/ LL:D. ' 

Ordronaux*s Manual for Military Suvg^foiks. 

Manttal of Instrttctions for Military Surocons, in the £;tikmln- 
ation of Recruits and Discharge of Soldiers. Prepared at the request 
of the United States Sanitary Coiii mission. By Jbh» Ordfonaax, M,D,, 
Professor of Medical Jurisprudence in ColombUv CoHegej New York. 
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The Automaton Company* 

In Box $1. 2». When sent by mail $1.94. 
The Automaton Compant; or, Tnfantr* S^iDrtRs' Practical 
Instructor. For all Company Movements in the Field. By G. 
Douglas Brewertoo, IJ. k Army. ' * ' ' '' 

' ■'■.-. A' . 
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The ATitomaton Battery^ 

InBoz$UX)k:. WMn MnJb 1»7 «i8|l $1.30. 
The Automaton Battery; o«, Artillerist** Practical Ix* 
sTRtJCToR. For all Hount^ Artaieiy Manoeuvres Jn the Field. By 
G. Douglas ^re^ediOl^ IJ. .S. A. _ 

/ > ' ' ■ «• r ^ 1 1 * 

The Antomatoii jRegiment. 

The AuToilATON Regiment.; or, Infantry Soldiekb' Practical 
Instructor. For all Regimental Movements in the Field. By. G. 
Douglas Brewerton,.U. 9' A. ,....- 



G-raftoxi oa 1;he: Ca^x^p axkd. March. 

12m<9. Cloth. -TSc* 
A Treatise on it^e €amip and Maisch. Witii •which is connected 
the Construction of Field- Works ^aftd ifiKfearjr Bridg^es. By Captain 
Henry D. Grafton, U. S. A; ■ ' - . 



Qen. McClellan'a JLepprt orthe Army of the 

Potonaa-o, 

Report ov the AuMYor tub. PotomaC) of its opei^tioas while 
under ^is command^^ With Mafts, a)xd Plans. By.-Q^enal Gep. B. 
MeCleUaii, U^ S. A. 
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'■ *T 



Moore's Portrait Gi^Jery of the War. 

1 vol. 8vo. Cloth. 40.00. Half Calf. $7.6a 

Portrait Gallery of this Wait, : Oxviit* Mh.it aby, ; and Naval. 

A Bio^phtcai Records Edked by Frailk Moore. Ilbistrated with CO 
fine portraits on steel. 



Butler's Prcdectite© aiwl Rifled Caixnon. 

4to. afePUteSir Cloth, $T,5a 
Projeotxlrs AND Rifled. CAKKONk A Critical Discussion of the 
. Principal Systems joI Rifling and Projectiles, with practical suggestions 
•for their improvement, -aS embraoed ia a report to the Chief of Ord- 
nance, U. S..Army. By Capt. John S.Butl^^ OVdaancetJorps, U. S. A. 
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Bergeaxit'/s Boll Booic. 

. .' : /iv J Fo!Bi5^hcipkf«p. 81.25. .^ 
Sergeant's RotL BoOKi for T&B Company, Detail and Squad. 
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Fonitli Edition. Crown 8to. Revised tad Impvoted. Illastiated by 89 full-page 
xxipper-idsteepgxav^igs. dvo. Halt BoivQ- . |T*50. . 

SsAaiA^Sinp. Far the use a^ the United -States li^ayal Aca4etoj.^ , By 
Capt. S. B. Luce, U. 8. N. 1 vol., crown oct^vo^ ', f r " 



Tett-B<>»k at the U. S. Naval Academy, . Anuapolia.. -.»,.. 

*■ • 

. Barnee' Subnaatrine Warfare. 

With 20 Lithogmpliie Plates, md many Wood-etttfl. 8«d Cloth. $5.00. 

Submarine Warfake', DttFKNSiti an© OrrKKSi-VE. Comprisinf a 
Full and complete History of tlte-wvention of Uie Toi-pedb/.iis em- 
ployment in, War, and resultftof its use. Descri^ions <^f - tbe various 
forms of Torpedoes, Submarine Batteries and Torpedo Boats actually 

■ used iti Wtt% By LieUt.- Commander j^hn & Barnes, U.' S> K. 
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Jeffers' Na?uti€»l Sarveyiixgi 

IllngtmtedwUk 9 Copperplates and 31 Wood*ctf(lUu8tm«iQnii^ ftrK tdoth. $3.00. 
Nautical Surveting. By William N. Jeffersy C^irtain U, S:.I^avy- 

OofBLix's Naviga/tioii* -. • ^ - ? 

Fifth Sc&tion. l2mo.- Oioib. (iSLfia 
Navigation and Nauticax Astronomy. Pr^iared "for the use of the 
U. S. Naval Academy, By J. 5. C. Coffin, Prof. of. Astronoi^y, Navi- 
gation and Surveying, with 52 woodniut illustrations* 



Text Book of Surveying. 

8va 9 lithograph ^BtM. and kvMl Wood-cats. .lUasferated: Cloth. $2.00. 

k, Text Book on Surveying, Projections and Portable Instruments for 
the use of the Cadet Midshipmen at the IT. S. Naval Academy. 
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C lark's Navigatien. 

Theorbtigal Navigation asd Nauticai, Astronomy. By Le^^ds 
Clark, Lieut-Coraiaaader U^ & Nsr^ 

Simpson'ei Or^nap^oa aucl Naval.Criitinerj-. 

Fifth Edition, ^visocl and Eokuiged. Blustmted witai. 186 Eoginvings. 8vo. 

A Treatise ox Orpnanob amb Nayax. Gukxiry. Compited and 
arnuQgedaa a Texfe'Bookfort^e U. S. Naval Academy, by CommaQder 
Edward Simpson, U. S. N. 

Youz^g Sioaxn^SKa's Maxxiaal. 

8va HfiU PofU). faoo. 
The Young S^EAMTAN'-a Manxtai:.. Compiled fsom various authorities, 
and iUuAtoaied wi^ nuipdrocus oxifuial nsd a^eot desigag. For the use 
of the U. S. Training^ S^ps aia<l the .Marine SchooW 

I •' t n III 1 11.- 

HapvTQod's Naval ConptS'-MartfctL 

8yo. I4iw-sheep. $400.. 
Law and Practice of UNiTEt> Stated Naval Courxs^Martiai.. 
By A. A. Harwood, U. S. N, Adopted as a Text-Book at the TJ. S. 
Naval AcadejMky* 

» 

Parker'& Squadron Tactics. 

filQStratecC by 77 Elates, ava Ctoth. f5.00. 
Squadron Tactics Under Steam. By Foxhall A. Parker, Commo- 
dore U. S. Navy.. Published by authority of the Navy department 

IMP 111 ■ll^^^ll^^W^ ■ I p ■ ■ I ■ I I I 

Parker*s Fleets of tlie World. 

8va d I]lasttBtion». €l0tU, extra. $5.00 
The Fleets of the World*. The. Galley Period. By Foxhall A. Parker, 
Commodore U. S^ Navy. . 

Parker^s Fleet Tactics. 

18mo. Cloth. 1^.59. 
j?LEET Tactics Under Steam. By Foxhall A. Parker, Commodore 
U. S. Navy. Illustrated by 140 wood-cuts. 

Parker^s Naval Hoxvitzer Ashore. 

26 Plates: 8rQ. Ck>eh. $4>00. 

The Naval Howitzer Ashore. By Foxhall A. Parker, Cbmmo^ 
diMre U. Si Navy. With pktes. Approved by the Navy Department. 
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Parker 's- Na-val Mo^ritiser' Afloat. 

82 Platoi. Svo^- Cloth.' '$4.00. 
The Naval Howitzbk /ArLOAt. By >E&adMiU A. Parker, Commo- 
dore U. S. Navy. Wii^lplaleft> Appior«!db$i?fhe^Nafy DiepaHment. 

Brandt's Grun^aery Cateckisxnwv ' 

Rerised Edittofm ' Blttgtastedv tSmo. Cldthv $tl.50; 
GuNXKHY Catechism. As ap^Jfed to 'the semce of the Naval Ord- 
uauce. Adapted to the latest Official Regulation, and a{>{>r6ved by 
the Binreaa of Oioi&alEice, Navy Depaitm^ut By J, I). £^rdl)4t, for- 
merly of the U. S. Navy. ■' - 



Ordnance Insttnictions fbr tHe United States 

mnstoiinl. 8iro. Clo^. $5.0a 
ORI>9rA9rCfi lH»TIHf0TK)MW ieO» »P«l: UNrTED 'STAt«S NatY. PftH I. 

Relating to the Freparatkni of V^sjscls of War for Battfe, and to the 
Duties of OflScers and others when at Quarters. Part II. The Equip- 
ment and Aianoe^uvre of Boats, and Exercise of Howitzers. '^ Part III. 
Ordnance a&d Ordnance Stores, Published by order of the Navy Der 
' partment. 
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Barrett's Qunnery Instructions. 

121116. Oath: $1.25: 
Grxs-feRY IxSTRUCTioiics. By Capi;. Edward Barrett, IT. S: K, Instructor 
of Gunnery, Navy Yard, Brooklyn. 

Buckner's Tables ofHanges. 

8vo. Ctotli, $1.50. 
Calculated Tables of Eaxgks for Navy. and Army GirxSu By 

•Lieut. ,W, F. Buckner, U, S»,N. : 

Luce's Naval Liglit Artillery. ' 

22Flatc!a. 8va Clolb $3i)0. 
Naval Light ArtillerV. By Lieutea«3it W. H. Parker, U. S. N. 
Third Edition, revised by Lieut. S. B» Lmse, : Assl^ta^t Inai^uetpf of 
GuiMwry and Tactics at the^Uuitee^ Slate* Si^kTajl Aoadem^. 

Manual jof Boiat - Exerciseu 

l«mo. FldxiblB Olotilv 93b. 
Maxttal of TflE Boat Exercise at ihe V\ S.Nav4il Aeiide»y,dfe8ig»ed 
for the practical instruction of the ScnJar Class in Nutal- Tactics* 
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Hamersly'a^ Records of lii^ingOffieers of the 

• . TJ. 'S. Navy. 

The RECQTvPe ^f Xiyjom 'OiH^GBSi iwr. t«e U. a NavIt axd Ma- 

RixE Corps. Compiled from Official Sottrces. By Lewis B. Hamersly, 
late Lieutenai]it.U/&.]li&rt]ie Cdr^. < '. ^ > ; . : . 

Levx's, Rules and Begulation^ for Meji-ol- 

• War. 

Tl4r4 J^qn» Bevised and K^^wfigped .^ma . .jaenW« Qo^, lyikv . 
Manual op Internal Rules and Hegui^ations for Men^of-War. 
By Commodore U, P, Xreyy, U. §. N. 

I^ook^s ShipbuUdiug. 

8vo. cioth. $6.00 
A Mlf:THOD OF COJtfl^RjNf^ T^E 1/INE8 A^I>^I>RAUGHTIXG VESSELS 

. Propelled by Sail or St^am^ iuelQdJing a Chapter on Laying off 
on the MoHldrLctft Elc^Tf J3y Sa^muel M, Pook,vNaval Constr^ctor. 
With IU«i»tvatioD3. . . , ,, ■ 

Osbon^s Maiid-Book of tlie tTiiited States 

"Navy. 

IStaia Qotii. $8,001 
Hand-Book of the United States Navy. Being a compilation of 
all the prii|cipal events in the history of every vessel of the United 
States Navy from April, 186^1, to May, iS6i. Compiled and arranged 
by B, S. Osbon. 

' Totteii^s Naval Te;3s:t-lBook. 

J^econd and Revised Edition. 12mo. Cloth. $3.00. 
Naval Text-Book. N?ival Text-Book and Dictionary,, compiled for 
the use of "Midshipmen of the U. 5. !Navy. By Commander B.J. 
Totten, U. S. N. 

* . • ' ■ _- * • ■ • - , . -»w 

Ro^'s Naval Duties. 

. 12mo. Cloth. '$1.5a 
Naval Duties and Disce^line :. With the Policy and Principles of 
Naval Organizatioff. By F. A* Boe, late Commander U. S. Navy. 

Stuart's Naval I>ry Docks. 

tPotnth EdftfoH. 4to. Cloth.. $6.00. 
The Naval Dry Docks of the United State*. 3y Gep. C. B. 
Stoart Illustrated with 24 fine engravings on steel. 
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Murpliy awl J'^tf^^i?'^ Na;utic«tl Rbiite. 

ST)f>. Cloth. ft2.50.;. 
Nautical Routine a?|d &7x>wage. With Sbort^dules in Nawgatiou. 
By John McLeod Mar^diy aiod Wm; '^. Jeffers, Jr., U. S. N. 

Barrett's T>etBt^ iBecl£Onilx|^^ 

«vw Jtexttole Clotii. $1.25. 
Dead RECKONiNOJ Or, Day's Work, ' By 'Edward Barrett, IT. S"; Xavy. 



Qur Naval Scliboi^tid "Na^aT Od9icers, 

^-'12hK>. Cteth. 750. " 

k. Glance at the Condition of the FitEiicu NAVY^ntiott to tiik 
Franco-German War:. Translated trom the French of M. De Crise- 
noy by Commander R. W. Meade, U. S. N. 
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Wain's Naval Tactfcs. ■ 

- '. ■ "8ra Ctofli, $8.<J0. ;- ' 

Manual op Naval TAcricsiTogfetheir with a Brief Critical Analysis 
, of the Principal Modern Naval Battles. By Jatiife's H. Ward, Com- 
mander TJ. S. N. With an AppN^udix,- heijar <^ ^JtirtcA from ^ir How- 
ard Douglas's " Naval Warfare, y^ith Steam.*' 
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Ward's Naval Qrdnartccs 

8vo. Cloth, 12.00. * 

Elbmentabt Instructioit' in Naval ORmi anck and 0fnnert, 
James Hi Wa,rd, tommiinder U. S. Navy. ' - ' ' 



By 



WarcTs Ste^iri for th^ Million. 

8vo. ^ Cloth. ^$1:00: 

St^am for thb Million. A Popular Treatise on Steam and its Appli- 
cation to the Useful Arts, especially to Navigation. By J. H. Ward, 
Commander U. S. Navy. 



Walker^s Screw Pi'OpulsibBL; 

8vo. Cloth. 75 cents. 

Notes on Screw Pi»PtLsio», its Rise a^d History. By Capt. W. H. 
Walker^ U; a Navy. ; : 



D. VAN N08TRAND. 



RECENT WORKS, 



Fanning's Water Supply Engineering* 

8vo. G50 pages. 18a lUustratioos. Extra cloth. $6.00. 

A Practicai. Tbbatiss on Watbr Supply Engihbbriko. Relating to 
the Hydrology, Hydrodynamics, and Practical Construction of Water 
Works, in North America. With numerous Tables and Illustrations. 
By J. T. Fanning, C. K 

Clark's Complete Book of Reference for 
Mechanical engineering. 

1012 pages. 8vo. Cloth, $7.50. Half morocco. $tO.OO. 
A Manual of Rules, Tables and Data for Mechanical Engineers. 
Based on the most recent investigations. By Daniel Kinnear Clark. 
Illustrated with numerous diagrams. 

Mott's Chemists Manual. 

050 pages. 8vo. Cloth. $6.00. 
A Practical Treatisb on Chemistry (Qualitative and Quantitative 
Analysis), Stoichiometry, Blowpipe Analysis, Mineralogy, Assaying, 
Pharmaceutical Preparations, Human Secretions, Specific Qravities, 
Weights and Measures, etc., etc., etc. By Henry A. Mott, Jr., E. M., 
Ph. D. 

Wey ranch, on Iron and Steel Constructions. 

l2mo. (Aoth. $1.00. 
Strength' AND Calculation of BncENsioini of Iron and Steel Con- 
structions, with reference to the latest experiments. By J. J. Wey- 
ranch, Ph. D., Professor Polytechnic School of Stuttgart, with four 
folding plates. 

Osbun's Beil steins' Chemical Analysis. 

12mo. Cloth. 75 cents. 

An Introduction to Chemical Qualitative 

Analysis. 

By F. Bbilstein. Third edition, translated by I. J. Osbun. 

Davis and Rae's Hand Book of Electrical 

I>iagrams. 

Oblong 8vo. Extra cloth. $2.00. 
Hand Book of Electrical Diagrams and Connections. By Charles 
H. Davis and Franl^ B. Rae, Illustrated with 32 full page illustrations. 
Second edition. 
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